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MATHEMATICS OF OPERATIONS RESEARCH 
Vol. 21, No. 3, August 1996 
Printed in U.S.A. 

THE MODIFIED NUCLEOLUS AS CANONICAL 
REPRESENTATION OF WEIGHTED MAJORITY GAMES 

PETER SUDHOLTER 

A new solution concept for cooperative transferable utility games is introduced, which is 
strongly related to the nucleolus and therefore called modified nucleolus. It has many 
properties in common with the prenucleolus and can be considered as the canonical 
restriction of the prenucleolus of a certain replicated game. For weighted majority games this 
solution concept induces a representation of the game. In the special case of weighted 
majority constant-sum games and and homogeneous games respectively the nucleolus and the 
minimal integer representation respectively are adequate candidates for a canonical repre- 
sentation (see Peleg 1968 and Ostman 1987a). Fortunately the modified nucleolus coincides 
with the just mentioned solutions in these special cases and can, therefore, be seen as a 
canonical representation in the general weighted majority case. 

0. Introduction. A new solution concept, the modified nucleolus, for cooperative 
side payment games with a finite set of players is proposed in this paper. The 

expression "modified nucleolus" refers to the strong relationship of this solution to 
the (pre)nucleolus introduced by Schmeidler (1966). 

An imputation belongs to the nucleolus of a game, if it successively minimizes the 
maximal excesses, i.e. the differences of the worths of coalitions and the aggregated 
weight of these coalitions with respect to (w.r.t.) the imputation, and the number of 
coalitions attaining them. For the precise definition see ?1. By regarding the excesses 
as a measure of dissatisfaction, which should be minimized, the nucleolus obtains an 
intuitive meaning as pointed out by Maschler, Peleg, and Shapley (1979). If the excess 
of a coalition can be decreased without increasing larger excesses, this process will 
also increase some kind of "stability," they argued. Nevertheless, Maschler (1992) 
asked: "What is more 'stable', a situation in which a few coalitions of highest excess 
have it as low as possible, or one where such coalitions have a slightly higher excess, 
but the excess of many other coalitions is substantially lowered?" Anyone, like the 

present author, who is not convinced by the first or latter, may try to search for a 

completely different solution concept. 
The solution introduced in the present paper constitutes an attempt to treat all 

coalitions equally as far as this is possible. This means that, instead of minimizing the 

highest dissatisfaction, the range of dissatisfaction is minimized by the modified 
nucleolus. To be more precise, the nucleolus is the lexicographical minimizer of the 
nonincreasingly ordered vector of excesses, whereas the modified nucleolus lexico- 

graphically minimizes the nonincreasingly ordered vector of differences of excesses. 
This means that the absolute value of dissatisfaction of a coalition is replaced by the 

envy between coalitions, i.e., by the difference of excesses of these coalitions. This 
leads to the following intuitive definition. A preimputation belongs to the modified 
nucleolus T(v) of a game v, if it successively minimizes the maximal differences of 
excesses and the number of coalition pairs attaining them. Therefore the modified 
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THE MODIFIED NUCLEOLUS 

nucleolus takes into account both the "power," i.e. the worth, and the "blocking 
power" of a coalition, i.e. the amount which the coalition cannot be prevented from 
by the complement coalition (see Remark 1.2). Like the prenucleolus, the modified 
nucleolus is a singleton. 

To give an example look at the two-sided market game with one seller (1) and two 
buyers (2, 3) defined as follows. The worth of a coalition is 1 unit if the seller and at 
least one buyer are members of the coalition. In all other cases the worth of the 
coalition is zero. If a coalition has positive worth, then the seller is a member of the 
coalition. This means that player 1 is a veto player possessing, in some sense, all of 
the power. Indeed, it is well-known that the core of this game, i.e. the set of 
preimputations such that all excesses are nonpositive, is the singleton {x}, where 
x = (1, 0, 0). The nucleolus is a "core selector" and, thus, it coincides with x. On the 
other hand the buyers together can prevent the seller from any positive amount by 
forming a "syndicate." Therefore the buyers together have the same "blocking" power 
as the seller. The modified nucleolus takes care of this fact and assigns 2 to the seller 
and 4 to each of the buyers (see Example 2.9). This example shows that the modified 
nucleolus, unlike the nucleolus, is not necessarily contained in a nonempty core. 
Fortunately in Sudholter (1993) it is shown that the modified nucleolus is contained 
in the core for convex games. 

If, instead of successively minimizing excesses, only the highest excess is minimized, 
then this procedure results in the least core. The analogous modified solution concept 
arises from minimizing the highest difference of excesses and is called modified least 
core. The relation of the modified solutions is similar to the relation of the classical 
solutions. The modified nucleolus is a member of the modified least core being a 
compact convex polyhedron. 

Section 1 presents the precise definition of the modified solution concepts. The 
dual game v* of a game v assigns to each coalition the real number which can be 
given to it if the worth of the grand coalition is shared and the complement coalition 
obtains its worth. By looking at complements it turns out that the modified nucleoli of 
v and v* coincide, this also being a characteristic of the Shapley value. A certain 
replication of a game is defined which allows one to reformulate many assertions 
concerning the prenucleolus for the modified nucleolus. The dual cover of a game 
arises from a game v with player set N by taking the union of two disjoint copies of 
N to be the new player set and assigning to a coalition S the maximum of the sums of 
the worths of the intersections of S with the first copy w.r.t. v and the second copy 
w.r.t. v* or, conversely, the first copy w.r.t. v* and the second w.r.t. v. Hence both, 
the game and its dual, are totally symmetric ingredients of the dual cover. A main 
result of this section, Proposition 1.4, states a strong relationship between the 
prenucleolus of the dual cover and the modified nucleolus of the initial game. One 
solution concept arises from the other by the canonical replication or restriction 
respectively. Therefore, e.g., the modified nucleolus can be computed by each of the 
well-known algorithms for the calculation of the prenucleolus (see, e.g., Kopelowitz 
1967 or Sankaran 1992) applied to the dual cover. 

Section 2 starts applying Kohlberg's characterization of the (pre)nucleolus by 
balanced collections of coalitions (see Kohlberg (1971)) to the modified nucleolus 
with the help of Proposition 1.4. It turns out that T can be characterized similarly by 
balanced collections of coalition pairs (see Theorem 2.2). The coincidence of the pre- 
and modified nucleolus whenever possible w.r.t. duality, i.e. whenever the prenucleoli 
of the game and its dual cannot be distinguished, is the content of Theorem 2.3 and a 
consequence of Theorem 2.2. Additionally, it is shown that T satisfies the dummy 
property (a dummy is any player whose component of the characteristic function 
behaves additively), weakly respects desirability between players in the sense of 
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P. SUDHOLTER 

Maschler and Peleg (1966), and is reasonable in the sense of Milnor (1952). In view of 
these facts the modified nucleolus reflects structure of the game. In the next section 
it turns out that this solution concept completely reveals the structure of each game 
in the remarkable class of weighted majority games with a fixed number of winning 
coalitions. 

In ?3 the behavior of the modified nucleolus in the weighted majority case is 
discussed. It turns out in Theorems 3.1 and 3.3 that T(v) induces a representation of 
v, if and only if v is representable. Moreover, the unique element of T(v) coincides 
with the normalized vector of weights of the unique minimal integer representation in 
the homogeneous case. Peleg (1968) showed the same results for weighted majority 
constant-sum games and the nucleolus. In view of the coincidence of the pre- and 
modified nucleolus in the constant-sum case (Corollary 2.4) and the coincidence of 
the prenucleolus and the nucleolus in the weighted majority constant-sum case, this 
result of the present paper is a generalization of Peleg's. Moreover, the modified 
nucleolus generalizes the concept of the minimal integer representation in the 
homogeneous case. Hence this solution can be seen as a canonical representation in 
the general weighted majority case. 

Coincidence of the solution concepts on constant-sum games together with a 
"modified" constant-sum extension property are the basic properties of a characteri- 
zation of T on the class of weighted majority games. The dual constant-sum 
extension of a game u has two additional players and assigns the worth of each 
coalition w.r.t. v and v* respectively to the coalition together with the first and 
second additional player respectively, the worth of the grand coalition to each 
coalition containing both additional players, and zero to each other coalition. Conse- 
quently, the dual constant-sum extensions of a game and its dual coincide up to 
renaming the additional players. The modified nucleolus satisfies the dual constant- 
sum extension property in the weighted majority case, i.e. the modified nucleoli of the 
game and of the dual constant-sum extension arise from each other in a canonical 
way (see Theorem 3.5). In Proposition 3.8 it turns out that the modified nucleolus on 
the set of weighted majority games with player set contained in an infinite universe 
is uniquely characterized by Pareto optimality, coincidence with the nucleolus on 
constant-sum games, and the dual constant-sum extension property. Moreover, all 
axioms including the infinity assumption on the universe of players turn out to be 
logically independent. 

1. Notation and definitions. A cooperative game with transferable utility-a game 
-is a pair G = (N, v), where N is a finite nonvoid set and 

v:2N1 - R, v(0) = 0 

is a mapping. Here 2N = {S c N) is the set of coalitions of G. If G = (N, v) is a 

game, then N is the grand coalition or the set of players and v is called characteristic 
(or coalitional) function of G. Since the nature of the game is determined by the 
characteristic function, v is called a game as well. 

If G = (N, u) is a game, then the dual game (N, v*) of G is defined by v*(S) = 
v(N) - v(N \ S) for all coalitions S. The set of feasible payoff vectors of G is denoted 

X*(N, v) = X (v) {= {x E Nlx(N) < v(N)), 

whereas 

X(N, v) := X(v) := {x (RNIx(N) = v(N)} 
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THE MODIFIED NUCLEOLUS 

is the set of preimputations of G (also called set of Pareto optimal feasible payoffs of 
G). Here 

x(S):= Exi (x(0)=0) 
ieS 

for each x c RN and S c N. Additionally let xs denote the restriction of x to S, i.e. 
Xs = (xi)iE s E RS, whereas As := {xslx EA} for A c RN 

A solution concept a on a set r of games is a mapping 

a:r F U 2X*(v), a(v) c X*(). 
veF 

If r is a subset of F, then the canonical restriction of a solution concept a on F is a 
solution concept on r. We say that a is a solution concept on F, too. If r is not 
specified, then a is a solution concept on every set of games. 

Some convenient and well-known properties of a solution concept a on a set F of 
games are as follows: 

a is anonymous (satisfies AN), if for each (N, v) e r and each bijective mapping 
T : N -o N' with (N', rv) E F, o(N', rv) = r(aT(N, v)) holds (where (rv)(T) = 

v(T-1(T)), Tj(x) = 
XT-lj(x 

e RN, j e N', T c N')). In this case v and rv are equiva- 
lent games. a is covariant under strategic equivalence (satisfies COV), if for 
(N,v),(N,w) e r with w = av + /3 for some a> 0, /3 IRN 

a(N, w) = aa(N,v) + 3 

holds. The games v and w are called strategically equivalent. 
a is single valued (satisfies SIVA), if I a(v)l = 1 for v e r. 
a satisfies nonemptiness (NE), if a(v) := 0 for v e F. 
a is Pareto optimal (satisfies PO), if a(v) c X(v) for v e r. 
Note that both equivalence and strategical equivalence commute with duality, i.e., 

(rv)* = r7(*), (av + P)* = av* + P, 

where r, a, /3 are chosen according to the definitions given above. It should be 
remarked (see Shapley (1953)) that the Shapley value (p-to be more precise the 
solution concept a given by a(v) = {(p(v)}-satisfies all above properties. 

More notation will be needed. Let (N, v) be a game and x e IRN. The excess of a 
coalition S c N at x is the real number 

e(S, x, v) := e(S, x) := v(S) - x(S). 

Let x(x, v) = Iu(x) be the maximal excess at x, i.e., 

Iu(x,v) := max{e(S,x)lS cN}. 

The nucleolus of a game was introduced by Schmeidler (1966). Some corresponding 
definitions and results are recalled: Let : U ,,n " U n, R be defined by 
#(x) = y e Rn(x I Rn), where y is the vector which arises from x by arranging the 
components of x in a nonincreasing order. The nucleolus of v w.r.t. X, where 
X RN, is the set 

I(X,v) = Ex Xl((e(S,x))N)(e(S,) y,v))sCN)forall y EX}. 
l ex 
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Schmeidler (1966) formulated and proved the following three assertions: 

(1) If X is a nonvoid compact set, then A( X, v) is nonvoid. 

(2) If X is convex, then J( X, v) contains at most one vector. 

(3) If X is a nonvoid, closed convex subset of X*(u), then J(X, u) is a singleton. 

The prenucleolus of (N, v) is defined to be the nucleolus w.r.t. the set of feasible 
payoff vectors and denoted 4X'(v), i.e., XY(v) =X(X* (v), v). By (3) the prenucleo- 
lus of a game is a singleton, and, clearly, the prenucleolus is Pareto optimal. The 
unique element v(v) of X4(v) is again called prenucleolus (point). Let YW(v) 
denote the least core of v, i.e. the set of all preimputations of the game that minimize 
the maximal excess of nontrivial coalitions (see Maschler, Peleg and Shapley (1979)). 
Since the prenucleolus successively minimizes excesses and is Pareto optimal, the 
least core of v is given by 

SK(v) = {x E X(v)le(S, x, v) < max{e(T, v(u), v)10 T T - N}),0 N S N N}. 

If N is no singleton, then it is not necessary to presume Pareto optimality, because 
this property can easily be deduced, i.e. 

YK(v) = {x e X*(v)le(S, x, v) < max{e(T, v(v), v)l0 = T 4 NJ,0 - S = N) 

in this case. The least core of a game is a convex compact polyhedron containing the 
prenucleolus. 

For completeness reasons we recall that the nucleolus of (N, v) is the set X(X, v), 
where X = {x E X(v)lxi > v({i})} is the set of imputations of v. 

The solution concept which will be introduced in this paper is defined as follows: 
DEFINITION 1.1. Let (N, v) be a game. For each x E R N define 

O(x,v) := O((e(S,x,v) - e(T,x,v))(s,T)E2Nx2N) E R22 

The modified nucleolus of v is the set 

P(v) := {x EX(v)l(x, v) < (y, v) for all y X(v)}. 

Compared to the (pre)nucleolus which lexicographically minimizes the "dissatisfac- 
tion vector" of the coalitions, where the dissatisfaction of a coalition w.r.t. some 
(pre)imputation x is its excess at x, the modified nucleolus lexicographically mini- 
mizes the "envy vector" of pairs of coalitions, where coalition S envies coalition T at 
the preimputation x by a if the excess difference of S and T at x coincides with a. 

REMARK 1.2. Let (N, v) be a game. 
(i) If x is any preimputation of the game v, then the following equality holds by 

definition: 

e(T,x,v*) = v*(T) -x(T) = v(N) - v(N\ T) - x(N) +x(N\ T) 

= x(N \ T) - v(N\ T) (by Pareto optimality of x) 

= -e((N\ T), x,v). 
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(ii) With 

O(y, v) := ((e(S, y, v) + e(T, y, v*))(, T)e2Nx2N) 

for y E RN Remark 1.2 (i) directly implies for x E X(v) that O(x, v) = ((x, v) holds 
true. Note that x has to be Pareto optimal for this equation. Nevertheless the 
modified nucleolus can be redefined as 

(4) T(v) = (x X*(v) ) I(x, v) < (y,v) forally X*(v), 

since Pareto optimality is, now, automatically satisfied. Indeed, this property can be 
verified by observing that for every nonvoid coalition both, the excess w.r.t. v and 
w.r.t. v*, strictly decrease if all components of a feasible payoff vector can be strictly 
increased. 

(iii) The alternate definition of t(v) in the last assertion (see (4)) directly shows 
that T satisfies duality, i.e. T(v) = T(v*) holds. If v(S) measures the power of 
coalition S, then v*(S) can be regarded as a measure of the blocking power of the 
coalition. In this sense both the power and the blocking power of all coalitions play a 
totally symmetric role in this characterization of the modified nucleolus. Note that 
the Shapley value also satisfies duality. 

(iv) It is straightforward to verify that T satisfies both, anonymity and covariance. 
With the help of the next definition and proposition we obtain a relationship 

between the modified nucleolus of v and the prenucleolus of a game called dual 
cover of the game. Additionally it turns out that the modified nucleolus is a singleton. 

DEFINITION 1.3. Let (N, v) be a game and N = N x {0, 1}. We identify N x {0} 
with N and N x {1} with N* in the canonical way, thus N =N C N*. The game 
(N 0 N*, 5), defined by 

5(S U T*) = max{v(S) + v*(T),v(T) + v*(S)} 

for all S, T c N is the dual cover of v. 

PROPOSITION 1.4. The modified nucleolus of a game (N, v) is the restriction of the 
prenucleolus of (N u N*, v) to N; formally T(v) = 9f(5IN. Moreover vi(5) = vi*(5) 
for i E N. 

PROOF. By the well-known anonymity of the prenucleolus the second assertion is 
true. Let X be the set of symmetric feasible payoff vectors of u, i.e., 

X = {x E X*(5)lxi = xi* for i E N}. 

Then-by symmetry of the prenucleolus-we come up with 

g9J4( ) = 
{x eXV((e(S,x,D))seNuN*) < e ((e(S,y,S))seNuN*)fory X}. 

For each 

A {S uT*,TUS*} = D={S uT*,TU S*})S,T E N} 

739 

This content downloaded from 130.226.87.179 on Tue, 16 Jul 2013 08:13:38 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


P. SUDHOLTER 

let S(A) be defined by 

S(A) 
S u V7, if v(S) + v*(T) ? v(T) + v* (S), 
Tu S*, otherwise, 

and D = {S(A)IA e D}. Observe that 

~3.?A(i3) = {x eXIiX ((e(S,x, 5))scn)?i9((e(S,, y,)) ss)fory EXX 

holds true. On the other hand-for x, y e -RN_ 

0(x, v)?e(y, v) iff 
1 ex 

i9((e(S, x, v) + e(T, x,Iv*))suT* I3) ? ((e(S, y, v) + e(T, y, V*))SUT*E-), 

hence the proposition is proved. Q.E.D. 
In view of Proposition 1.4 the modified nucleolus of a game v is a singleton 

denoted by qi(v), i.e. {q1(v)} = P(v). The unique point ifr(v) of Pr(v) is again called 

modified nucleolus (point). For the sake of completeness it is shown that the dual 
cover of a game uniquely determines the game up to duality. 

LEMmA 1.5. Let (N, v) be a game. If b = 1vfor some game (N, w), then w e {v, v } 
is true. 

PROOF. Let 0' = D, w # v. 

(5) Claim:{Iw(S), w*(S)) = {v(S),v*(S)) for S c N. 

By definition of we have 

(6) 

max{w(S) + w* (0), w*(S) + w(0)) =max{v(S) + v* (0), v*(S) + v(0)}, 

and, e.g., 

(7) w(S) + w*(S) = v(S) + V*(S). 

Using (7) equality (6) directly implies (5). Now the proof can be completed. Take any 
S c N with w(S) * u(S), i.e. w(S) = v*(S) * v(S) by (5). Take any T with v(T) ? 
V* (T). By definition of - and (5) we conclude 

max{w(T) + w*(S),w(S) + w*(T)} = max{w(T) ? u(S), v*(S) + w*(T)} 

= max{v(T) + u*(S), v(S) + v*(T)I 

0 max{u(T) + v(S),vu*(S) + v*(T)), 

thus w(T) = v*(T) again by (7). Q.E.D. 
A further solution concept satisfying duality is useful. The modified least core 

arises from the modified nucleolus in the same way as the least core arises from the 
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prenucleolus; by only minimizing the highest sum of excesses w.r.t. the game and its 
dual. The formal notation is given in 

DEFINITION 1.6. Let (N, v) be a game. The modified least core of v is the set 

yS (uv) = {x X* (v)l I(x, ) + a(x, v*) 

< ,u(y,v) + tu(y,v*) fory X*(v)}. 

LEMMA 1.7. Let (N, v) be a game. Then 
(i) +(v) E^^^(v), 
(ii) {x e (D)|xix = xi* for i e N} = {x E X*(v)}xi = xi for i E j and XN E 

^ly 9 ( V)}. 

PROOF. By anonymity and Proposition 1.4 the second assertion implies the first 
one. 

ad(ii): Let x = v(D)N. Using Remark 1.2 (i) we come up with 

e(S,x,v) + e(T,x,v*) = -e(N\T,x,v) - e(N\S,x, *) 

for all S, T c N. This equality together with the definition of the dual cover 5 directly 
implies that v(D) cannot be a member of the core of v, i.e. C(v) = 0, or all excesses 
vanish, i.e. v is an additive game. These considerations imply (ii), since ,u(v(b), v) = 
Ii(x, v) + iu(x, v*), whereas ,i(y, v) + ,u(y, v*) >2 U(v(b), v) for y E X*(v). Q.E.D. 

Note that the modified least core of the game is a compact convex subset of the set 
of preimputations, since the same is true for the least core and, thus, for the 
symmetric least core of the dual cover (i.e. the set given in (ii) of Lemma 1.7). 

2. Properties of the modified solutions. At first Kohlberg's (1971) characteriza- 
tion of the (pre)nucleolus by balanced collections of coalitions is recalled and applied 
to the modified nucleolus. It should be remarked that his assumption of zero-normal- 
ization-i.e. v({i})= 0 for all players i-can be deleted without destroying the 
proofs. Moreover, the original results were stated for the nucleolus, but it is easy to 
formulate analogous properties for the prenucleolus (see Peleg (1988, 1989)). Some 
notation is needed. 

A finite nonvoid set X c R N is weakly balanced (balanced), if X possesses a vector 
of weakly balancing (balancing) coefficients (6x)E x, i.e. 

E 8xx = 1N and x > 0( x > 0) for x E X. 
xEX 

Here 1s is the indicator function of S, considered as vector of R N. A nonvoid subset 
D of coalitions or D of pairs of coalitions is (weakly) balanced if 

{ls1S E D} or {1s + 1,1(S, T) E D} respectively 

is (weakly) balanced. We say that S and (S, T) respectively is in the span of D and D 
respectively if 1s and 1s + 1T is in the span of {1s5S E D} and {1s + 1TI(S, T) E D} 
resp. For x e RN, a E R define 

D(x, a,v) = (S c Ne(S,x,v) > a), 

D(x, a,v) = {(S, T) E 2N X 2Nle(S,x,v) + e(T, x,v*) > a}. 
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THEOREM 2.1 (KOHLBERG). Let (N, v) be a game, a e I , and x e X(v). 
(i) x = v(v) iff each nonvoidD(x, a, v) is balanced. 
(ii) x E5f'YF(v) if D(x, Att(x, v), v) is weakly balanced, where 1tt0(x, v) is the highest 

nontrivial excess at x, i.e., A0(x, v) = max{e(S, x, v)10 * S c NI. 

For a proof of this theorem see Kohlberg (1971). The analogon for the modified 
solutions is 

THEOREM 2.2. (i) x = qf(v) if each nonvoid D(x, a, v) is balanced. 
(ii) x EJ(5fAf(V) if D(x, A(x, v) + 1uXx, v*), v) is weakly balanced. 

PROOF. The corresponding assertions of Theorem 2.1 together with Proposition 
1.4 and Lemma 1.7 (ii) imply (i) and (ii) respectively. A proof of the latter assertion is 
similar to a part of the proof of assertion (i) and thus skipped. In order to verify (i) let 
z:= (x, x*) EW NUN*, thus z is a preimputation of the dual cover i of v (see 
Definition 1.3). By the same definition we come up with the following two assertions: 

if (5, T) E D(x, a, v) =: D, then S u T* E D(z, a, i) D 3 T U Sv, 
if S U T* e D, then (S, T) E or (T, S) ED. 

Particularly, D +/= 0 iff D + 0. Assume that D is nonvoid. 
Note that x coincides with qi(v) iff z coincides with v(t3) by Proposition 1.4. 

Assume, now, x = iIKv) and take balancing coefficients SS I T* > 0 of D, i.e., 

E 8SuT*1Su T* = 'NUN*. 
SUT*ED 

For (S, T) E- D define a real number 

I,)= T*, if(T, S) ED, 
8(S, T) 

(5u* ~(8s u T* + 8TuS*), otherwise. 

Then 

1 E (S,T)(1S + iT) 
1 

(8SUT* + 8TUS*)(lS + 1T) 
(S, T)ED (S, T)eD 

and (T, S) D 

1 
+ S 2 U T* (1 + 1T) 

(S, T)ED 
and (T, S)eD 

1 
- E 28u5UT*(1S + 1T) = 1N 

SUT*eD 

holds true, thus D) is balanced. Conversely, if D5 is balanced with balancing coeffi- 
cient 6(ST) > 0 for (S, T) E D, then (5SI*T)Su T* D, where 

(5, T) + 8(T, S) if(S, T) E =- = (T, S), 

SS UT* = (6(S, T), if (T, S) 6o - (S, T), 

16(T, S) ,i S )0-1 3(,S 

are balancing coefficients for D. Q.E.D. 
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THE MODIFIED NUCLEOLUS 

By Remark 1.2 (iii) the modified nucleolus satisfies duality. Nevertheless, if 
coincides with the prenucleolus whenever this makes sense w.r.t. the duality property. 
To be more precise, all of q(v), v(v), and v(v*) coincide if the last two vectors 
coincide. Formally, this assertion is the contents of the next theorem. 

THEOREM 2.3. Let (N, v) be a game. If v(v) = v(v*) holds, then i(v) = v(v) is 
also true. 

PROOF. In view of Theorem 2.2 it is sufficient to show that D = D(x, a, v) is 
balanced, whenever D is nonvoid, where x = v(v). Define 

A := S Nlthere is T c N with (S, T) D} and 

B = {T c Nithere is S c N with (S, T) E D} 

and take S e A. Then (S, T) e D, iff e(T, x, v*) 2 a - e(S, x, v) = a(S). Since 
v(v*) coincides with x by assumption, Theorem 2.1 can be applied; hence the set 
Ds = D(x, a(S), v*) is balanced, let us say, with balancing coefficients 8, S) > 0, 
TE D. Let /3 be the maximal excess of coalitions in B w.r.t. v*, i.e. / = 
max{e(T, x, v*)IT E B}. Then, by definition, A = D(x, a - /3, v) holds true, thus A 
is balanced-since v(v) = x-with balancing coefficients (8)S e A. With 

C := E (( , and c:= 1+ E CS 
TeDS S EA 

the following equation shows the balancedness of D: 

E C Cs s5(T,s)(1 + 1T) 
(S, T)ED 

= c C S E 6T,S)(1 + 1T) 
SEA TED 

= C E CA 1N+ E 
(T,S)5) 

S E-A TED ,s 

= 
(1N + E CSA N) 1N. Q.E.D. 

SEA 

Note that in case the least cores of the game and its dual coincide then they also 
coincide with the modified least core which can be proved similarly. Moreover, the 
prerequisite v(v) = v(v*) and S'.,(v) =Y.(v*) is trivially satisfied for each con- 
stant-sum game. Recall that (N, v) is a constant-sum game, if v(S) + v(N \ S) = v(N) 
for S c N. Therefore v is a constant-sum game, iff v coincides with the dual game v*. 

COROLLARY 2.4. For each constant-sum game the pre- and the modified nucleolus 
coincide as well as the least core and the modified least core. 

This corollary can also be proved without using Theorem 2.3 by first observing that 
the dual cover v of v is a constant-sum game and the prenucleolus of this game arises 
from the one of the game started with by replication, i.e., v() = (v(v), v(v)*). 
Again, similar considerations show that the symmetric least core of v is the replica- 
tion of the least core of v. 
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Up to the end of this section some properties of t and X29 are formulated 
which directly arise from well-known properties of the prenucleolus and least core 
applied to the dual cover of the game. Moreover, one example is presented. Indeed, 
it is shown that the modified solutions are reasonable in the sense of Milnor (1952) 
and satisfy the dummy property. Moreover, the modified nucleolus weakly respects 
desirability. Some well-known definitions are recalled. 

Let (N, v) be a game. Player i e N is a dummy of v, if v(S U {i}) = v(S) + v({i)) 
for all S c N \ {i}. This player is a null-player, if additionally v({i}) = 0 holds. Player 
i e N is at least as desirable as player j c N, written i >v j, if v(S U {i}) > v(S U {j}) 
for all S c N \ {i, j}. The arising strict relation is abbreviated >- : i is more desirable 
than j, if i >v j and not j >v i. Players i and j are interchangeable-i - vj-if 
i &v j au i. This desirability relation between players was introduced in Maschler 
and Peleg (1966) and can be generalized to coalitions (see, e.g., Einy (1985)). In the 
first paper it was shown that the prenucleolus as an element of the prekernel (for the 
definition of the prekernel see Davis and Maschler (1965) and Maschler, Peleg and 
Shapley (1972)) respects desirability-i.e., vi(v) > vj(v), if i So j-and satisfies the 
dummy property-i.e., v(v) = v({i}) for each dummy i of v. With the help of the 
following lemma that the same statement can be proved for the modified nucleolus. 

LEMMA 2.5. Let (N, v) be a game, v be the dual cover of v, and i, j e N. 
(i) i v j, iff i ij. 
(ii) i is a dummy of v, iff i is a dummy of 5. 

(iii) min{v(S {i}) - v(S)IS c N\ {i}} < 
min{5(S U {i}) - v(S)IS c (N \ {i}) u N*}. 

(iv) max{v(S U {i) - v(S)IS c N\ {i}) > 
max{v(S u {i}) - 5(S)IS c (N\ {i}) u N*}. 

PROOF. Observe that v* has the same "desirability structure," the same dummies 
and so on. To be more precise the exact formulations are as follows-a proof is a 
straightforward consequence of the definition of v*: 

i j iff i. ; 

i is a dummy of u iff i is one of v* and v((i}) = v*({i}); 

a = minv(S u {i}) - v(S)IS c N\ {i}} = min{v*(S u {i}) - v*(S)IS c N\ {i}}, 

b := max{v(S U {i}) - v(S)IS cN\{i}} = max{v*(S u {i}) - v*(S)IS cN\{i}}. 

ad(i): Let i ] j for some i, j e N and S E N\ {i, j}. Defining S = S U {i}, T = 
S U {j}, we come up with 

v(T) + v* (S) r (T u S*) (S u S*) = v(S) + u*(S) 

by definition and assumption, thus i vJ. Conversely, if i a vJ and S u T* c (N\ 
{i, j}) u N*, let w.l.o.g. 

b(S u {j} u T*) = v(S u {j}) + v*(T), 

otherwise exchange the roles of v and v*. Hence 

5(S U {j} U T*) < u(S U {i}) + v*(T) < 5(S u {i} U T*). 

ad(ii): A proof of this assertion is straightforward using the above observation and 
therefore we skip it. 
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ad(iii): Take S c N \ {i) and T C N. W.l.o.g. b(S U T*) = v(S) + 
v*(T)-otherwise exchange v and v*. Then 

D(S U {i} U T*) - V(S U T*) > v(S U {i}) - u(S) > a. 

Finally, assertion (iv) can be proved analogously to (iii). Q.E.D. 
This last lemma and the well-known properties of the prenucleolus and the least 

core together with Proposition 1.4 and Lemma 1.7 directly imply 

COROLLARY 2.6. Let (N, v) be a game and x e/.f'(v). 
(i) fi(U) > 2 j(v), if i ov j; 

(ii) xi = v({i}) for each dummy i of v; 
(iii) xi > min{v(S U {i}) - v(S)IS c N\ {i}} for i e N; 
(iv) xi < max{v(S U {i}) - v(S)IS c N\ {i)} for i e N. 

Assertion (iv) is called reasonableness (in the sense of Milnor (1952)). A solution 
concept satisfying (iii) and (iv) for each of its elements is called reasonable on both 
sides. In ?3 it will be deduced that fr strongly respects desirability in the weighted 
majority case, i.e. q, is generically "more sensitive" than v in this case. The following 
example shows that the weak desirability property cannot be replaced by the strong 
one in general. That means > , v and > , >- cannot be exchanged in Corollary 
2.6 (i). The only well-known solution concept strongly respecting desirability is the 
Shapley value. 

EXAMPLE 2.7. Let N = {1, 2,..., 9} and 

Wm = {{1,2},{1,4,5},{1,4,6,7},{1,6,7,8,9},{2,3,4,8,9},{2,4,5,7,9}}. 

As each coalition S can be identified with the indicator function 1s-considered as 
{0, 1}-vector of length INl-each set of coalitions A can be identified with a matrix 
IA = (lS)S EA Awith lexicographically ordered rows, e.g. 

1 1 0 0 0 0 0 0 0 
1 0 0 1 1 0 0 0 0 
1 0 0 1 0 1 1 0 0 
1 0 0 0 0 1 1 1 1 
0 1 1 1 0 0 0 1 1 

,0 1 0 1 1 0 1 0 1 

The shift relation on 2N is defined by S >sh T, iff IS n {1,..., k}l > IT n {1,..., k}l 
for k e N, where N = {1,..., n}. This means that S >sh T holds, if the number of 
players of S with indices less than k is not smaller than the corresponding number 
w.r.t. T for each k. In our particular case let v be defined by 

v(S 1, if there is T e WSm with S >sh T, 
( 

0, otherwise. 

It should be noted that v is a directed game and Iwsm is the shift-minimal matrix of 
v in the sense of Ostmann (1987b, 1989) and Krohn and Sudholter (1995). (A directed 
game (N, v) is a game such that 

(i) N = {1,..., n} for some n e N; 
(ii) v is monotone, i.e. v(S) < v(T) if S c T c N; 

(iii) v is simple, i.e. v(S) e {0, 1} for S c N; 
(iv) The desirability relation is complete and 1 >a 2 >a **.. n.) 

745 

This content downloaded from 130.226.87.179 on Tue, 16 Jul 2013 08:13:38 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


P. SUDHOLTER 

In our special case it turns out that 

1 >- 2 >- 3 4 >- 5 >- 6 7 8 9 

holds true where the subscript v has been deleted for clearness reasons. Moreover, it 
is easy to check the constant-sum property of v. 

Corollary 2.4 implies ui(v) = v(v). Since there are no winning players, i.e. v({i}) = 0 
for i e N, the pre-nucleolus of v coincides with the nucleolus (see, e.g., Peleg, 
Rosenmiiller and Sudholter (1994)). Thus q(v) can be computed by one of the 
well-known algorithms-see, e.g., Kopelowitz (1967) or Sankaran (1992). It turns out 
that 

+(u) = v(v) = (7,5,2,2,2,1,1, 1,1)/22. 

Therefore I4(v) = '-5(U) and 4 >- 5, 7(v) = +8(V) and 7 >-, 8. 
REMARK 2.8. For technical reasons the following assertion is needed. A proof 

which is straightforward is skipped. 
Let N be a finite nonvoid set, D and D be balanced collections of coalitions and 

pairs of coalitions respectively. Then every subset E and E with D c E c 2N 
D c E c 2N X 2N such that E and E are in the span of D and D respectively are 
balanced. 

EXAMPLE 2.9. Let (N, v) be the "one-seller-and-two-buyers-game" defined by 
N= {1,2,3}, 

(S) , if 1 E S and Sl > 2, v 0, otherwise. 

To prove that x = (2, 1, 1)/4 coincides with the modified nucleolus it is sufficient to 
show that gz(x, v) + t(x, v*) = 3/4 := a and D(x, a, v) is balanced and spans 2N 

by Theorem 2.2 and Remark 2.8. Indeed, 1/4 and 1/2 respectively is the maximal 
excess of v and v* respectively at x, hence the first assertion is verified. Therefore 

D(x, a, ) = {(S,T)IS E {{1,2},{1,3}},T E {{1},{2,3}}}, thus 

{1S + lrI(S T) e D} = {(2,1,0),(2,0,1),(1,2,1),(1,1,2)} 

hold true. The vector of coefficients (1, 1, 3, 3)/10 shows that D is balanced. More- 
over, the missing property is obvious. 

3. The modified solutions in the weighted majority case. A simple game (N, v) is 
a game satisfying v(S) E {0, 1} for S c N. A simple game (N, v) is a weighted majority 
game if there is a vector of weights-a measure-m e RN 0 and a level A > 0 such 
that 

(S) 
, ifm(S) > A, 

(S) (O0, ifm(S) <A. 

To exclude the pathological games m(N) > A is always presumed. The tupel (A; m) is 
a representation of v. A simple game v is uniquely determined by its set of winning 
coalitions 

W,:= {S cNv(S) = 1}, 
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whereas each monotone (see Example 2.7 for the definition of monotonicity) simple 
game is uniquely determined by its set of minimal winning coalitions 

WUm := {S E Wv(T) = 0 for T S}. 

Note that a weighted majority game is monotone. A representation (A; m) of a 
simple game v is homogeneous if m(S) = A for S E Wm. A simple game is homoge- 
neous if it has a homogeneous representation. Simple games were introduced by von 
Neumann and Morgenstern (1944) and have many interesting applications (see, e.g., 
Shapley 1962). According to the structure of simple games it should also be referred 
to Isbell (1956,1958,1959) and, in the homogeneous case, to Ostmann (1987a), 
Rosenmiiller (1982, 1984, 1987), and Sudholter (1989). 

Each weighted majority game (N; v) has a-not necessarily unique-minimal 
representation (A; m), i.e., an integer representation (m E Z o, A E N) such that 
there is no distinct integer representation (A; m) of v with m ?< m componentwise. A 
nonnegative vector m E R N induces a representation of a weighted majority game 
(N, v) if there is a level A > 0 such that (A; m) represents v. 

Up to now this author does not know any "direct" method of generating or 
enumerating the class of weighted majority games-even recursively w.r.t. the num- 
ber of players. It is true that only weighted majority constant-sum games have to be 
generated to obtain the general case (see, e.g., Krohn and Sudholter 1995). Two 
recursive methods are known in this case, which are indirect in the following sense. 
They do not yield any recursive formula for the number of games and need 
comparisons or tests. The first one introduced in Isbell (1959) is strongly based on the 
comparison of games already constructed. The second one (see Krohn and Sudholter 
1995) generates a larger class of constant-sum games-the directed (see Example 2.7 
for the corresponding definition) constant-sum games-and extracts those weighted 
majority games by testing for representability. Isbell suggests that it could be useful to 
assign a "canonical" unique vector of weights-inducing a representation-to each of 
these constant-sum games. Peleg (1968) showed that the nucleolus always induces a 
representation in this case, thus this solution concept yields a canonical vector of 
weights. Moreover, he concluded that the nucleolus is the normalized vector of 
weights of the unique minimal representation in the homogeneous case. Besides, it 
should be remarked that the testing procedure of Krohn and Sudholter (1995) is 
based on this result. As seen in, e.g., Peleg and Rosenmiiller (1992) and Rosenmiiller 
and Sudholter (1994) the nucleolus coincides with the prenucleolus for monotone 
simple constant-sum games. The last paper contains examples which show that the 
prenucleolus does not necessarily induce a representation if the constant-sum prop- 
erty is dropped. 

There are procedures which generate homogeneous constant-sum games (see Isbell 
1959 and Sudholter 1988), but these methods, unfortunately, again require tests. 
Therefore no formula for the enumeration of this class of games can be deduced from 
the algorithms. Nevertheless, the larger class of all homogeneous n-person games-up 
to equivalence-can be generated and enumerated recursively w.r.t. the number of 
players as shown by Sudholter (1989). Analogously it could perhaps be possible to 
generate or enumerate the class of all weighted majority games instead of assuming 
the constant-sum property. Again, following Isbell and Peleg, it could be useful to 
have unique weights-which are homogeneous if the game is-even in this case. The 
first aim of this section is to show that the modified nucleolus satisfies this condition. 

In the constant-sum weighted majority case Peleg implicitly showed that each 
element of the least core and not only the nucleolus induces a representation. 
Moreover the least core is a singleton if the game is a homogeneous constant-sum 
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game. The analogous assertions in the general weighted majority and homogeneous 
case respectively are valid. Note that the modified least core satisfies covariance, 
anonymity, and the dummy property. 

THEOREM 3.1. Each element of the modified least core of a weighted majority game 
induces a representation of the game. 

PROOF. Let (A; m) be a normalized representation of the weighted majority game 
(N, v), i.e. m(N) = 1. Then-by normalization-m e X(v). Let S be a coalition in 
N. By m > 0 and 0 < A < 1 we conclude 

-A<e(S,m,v) < 1 - A, thus 

(1) IL(m,v) + iL(m,v*) < 1. 

By reasonableness on both sides each element x of the modified least core has 
nonnegative components. It remains to show x(T) < x(S) for each pair (S, T) with 
T W, S. Assume, on the contrary, there is a pair (S, T) with T 0J WV 3 S and 
x(T) > v(S). Then 

e(S,x,v) + e(N\T,x,v*) = v(S) + v*(N\T) -x(S) -x(N\T) 

= 1 -x(S) +x(T) (by x X(v)) 

> 1 (by assumption). 

In view of Definition 1.6 the last inequality together with (1) establishes a contradic- 
tion. Q.E.D. 

If (N, v) is a homogeneous game, then it has a unique minimal representation 
being automatically homogeneous itself (see, e.g., Ostmann 1987a). Before showing 
that the normalized vector of weights of this representation coincides with the unique 
element of the modified least core-hence with the modified nucleolus, an additional 
result concerning homogeneous games is needed. Though the following lemma can 
easily be extracted from Ostmann (1987a) or Sudholter (1989), a proof is given for 
completeness reasons. Each weighted majority game (N, v) is equivalent to a directed 
game (N', v'). Indeed, let (A; m) be a representation of v, N' = {1, 2,..., NI}, and 
(it)t N be defined by 

{itlt E N'} = N, mil 2> ... miNt. 

Define v'(S) = v({itlt E S}) for S c N'. Clearly, the set of normalized representations 
satisfies AN. 

LEMMA 3.2. Let N = {1,..., n} and (A; m) be the minimal representation of a 
directed homogeneous game (N, v) without null-players. For each player i E N there is a 
pair of coalitions (S', Ti) such that the following conditions are satisfied: 

(i) Si 3 i - T(i); 
(ii) m(S') = A, m(T) = A - 1; 
(iii) (Si \ {i}) n {1,...,max Si} = T n {1,...,max S1}. 

PROOF. Following Ostmann (1987a), Mn = 1. Choose any coalition S" Wm 
with n E Sn, which is possible since n is no null-player. With T" = 5" \ {n} the pair 
(Sn, Tn) satisfies (i), (ii), (iii) for i = n. Assume the assertion is already shown for 
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j > i and some i E 1,..., n - 1}. The set 

M = {S E Wmli e S and m({i + 1,..., n} \S) 

>m({i++ 1,...,n}\T) fori TE W,m} 

contains a coalition Si with {i, i + 1,... , max Si} c Si (see, e.g., Sudholter 1989). If i 
is a step, i.e., m(T) < mi-where T = {1 + max Si,..., n}-then m(T) = mi - 1 by 
Ostmann (1987a). With Ti = S \ {i) U T the proof is completed in this case. If i is a 
sum, i.e., m(T) > mi, then T contains a subset U with m(U) = mi by homogeneity 
(which can be constructed by dropping recursively players of the largest indices if 
necessary). Let j be the maximal index of U, thus j > max Si. Because of the 
assumption there are coalitions Sj and TJ with the desired properties. With 

Ti= (S\{i}) (U\{j}) u (Tj\S') 

it can easily be verified that (Si, T1) satisfies (i), (ii), (iii). Q.E.D. 
It should be remarked that Lemma 3.2 remains true if the assumption of the 

absence of null-players is dropped and the expression "For each player i"is replaced 
by "For each nonnull-player i." 

THEOREM 3.3. Let (A m) be the minimal representation of a homogeneous game 
(N, v) and x e.S'F(v). Then x = m/m(N). 

PROOF. Assume w.l.o.g. that v is directed (by anonymity) and has no dummies (by 
Lemma 3.2, the preceding remark and the well-known fact that the normalized vector 
of weights of the minimal representation of a homogeneous game satisfies the dummy 
property). 

Let m = m/m(N) and N = {1,..., n}. Analogously to (1) we have 

(2) ,u(m,v) + ,u(m,v*) = 1 - 1/m(N) 

and thus 

(3) e(S, m,v) + e((N\ T), m, v*) = 1 - l/m(N). 

Here (Si, T') are defined according to Lemma 3.2. The definition of the modified 
least core implies 

(4) x(S') - x(T) > 1/m(N) = mn 

for x e '.YC(v) and i E N. Starting with i = n we obtain x(Sn) - x(Tn) = xn > mn. 
In general-by (4)-we come up with 

xi 2 mn + x(T' \ Si) > mn + m(Ti \ Si) = mi, 

if xi+1 > mi,+,..., xn > mn is already shown. Finally we conclude that x > m; but 
x, m E X(v), thus x = m. Q.E.D. 

Summarizing Theorems 3.1 and 3.3, the modified nucleolus establishes a canonical 
representation of a weighted majority game which coincides-up to 
normalization-with the unique minimal (homogeneous) representation in the homo- 
geneous case and with the nucleolus for constant-sum games. In what follows a strong 
relationship between the (pre)nucleolus and the modified nucleolus in the weighted 
majority case is presented. Some notation is needed. 
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DEFINITION 3.4. Let (N, v) be a game. 
(i) Let * = (N, 0) and = (N, 1) be two additional players. The game 

(N u {*, O}, v?} defined by 

'v(S\{0}) if * S 0, 

v(S) v*(S\ {*}) if O S *, 

v(N) if , * E S, 

,0 otherwise, 

is the dual constant-sum extension of u. 
(ii) (N,u) is a dual constant-sum extension, if INI > 3 and there are different 

players i, j N (i j) and a game (N \{i,j}, w) such that v coincides-up to 
renaming i, j by *, O respectively-with w?. 

Note that v?, indeed, is a constant-sum game and that v*? coincides-up to 
exchanging the additional new players-with v?. The dual constant-sum extension is 
in contrast to the constant-sum extension as defined, e.g., in Einy and Lehrer (1989). 
It is true that the constant-sum extensions of a game and its dual generically do not 
coincide. 

In order to formulate the strong relationship between the modified nucleolus of a 
weighted majority game and the nucleolus of the dual constant-sum extension 
(Theorem 3.5) it is useful to deduce some relationship between the representations of 
v and v?. 

Let (A, m) be a representation of the weighted majority game (N, u). It is well 
known (see, e.g., Krohn and Sudholter 1995) that (A*, m) represents v* for each real 
number A* satisfying 

m(N) - min{m(S)lS E W,v < A* < m(N) - max{m(T)IT 4 Wv}. 

In particular, the sum of the levels A and A* is larger than m(N). If two further 
components m '= A*, m, := A are added, i.e. (mo, m*, m) E [RfN{?'*), then this 
vector induces a representation of v?. Indeed, A + A* is a level. To each vector m 
inducing a representation of v let A(m) and A*(m) be the maximal levels respec- 
tively, i.e., 

A(m) = min{m(S)IS E WV,, A*(m) = m(N) - max{m(T)IT e W,). 

The above considerations show that the vector (A*(m), A(m), m) induces a represen- 
tation of the dual constant-sum extension of v and is therefore called extended vector 
of m. 

THEOREM 3.5. Let (N, v) be a weighted majority game. Then the prenucleolus v(v?) 
of the dual constant-sum extension of v coincides with the normalized extended vector of 
i = q(v), formally written 

V(U?) = (1 - iU*,l - ,u, ?)/(3 - , - ,u*), where u = ,(?, v), Au* = /x(?, v*). 

PROOF. Let x e R NU{o,*) be defined by 

1- ,*, i = 0 

xi = 1 - , i =* 
i, otherwise. 
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It remains to show that v(v?) = y := x/(3 - -t - /*) holds true (note that y is well 
defined by Theorem 3.1 and, thus, is normalized). Assume w.l.o.g. that v is superad- 
ditive, i.e. u* >2 tu (otherwise exchange the roles of v and v*), and that v has no 
null-players (the dual constant-sum extension conserves null-players and both, q and 
v have the dummy property). By Theorem 2.1, Corollary 2.4, and Remark 2.8 it 
suffices to verify 

(a) if D, = 0 and a > c, then Da is balanced, and 
(b) the span of Dc contains every coalition S e N U {,*}, i.e. Dc spans the 

Euclidean space RN U {O*}, where 

c:= 3--I*' D,:=D(y,a, v). 

ad(b): It can easily be verified that Dc can be rewritten as 

Dc = { u {*}IS cN,1 -,* < +q(S) < 1-* +}L 

u{x u {0}IS cN, 1- _L< If(S)} 

u{s u {0,*}IS cN, q(s) < _ }. 

If j E N is no veto player of v, i.e. j n w s e , then 
-1 

< 1 - /*, since j is no 
winning player of v* and (1 - ,t*, ?) represents v*. Moreover, fl(N\ {j}) > 1 - I, 
since N\ {j} E Wv, and thus ?j < /x. Therefore both S := {O, *} u {j} and T := {O, *} 
are members of Dc, thus 

(5) 1{j} = 1s- T. 

If i E N is a veto player of v, then i 2 1 - uA*, since {i} E W,*. In Lemma 4.9 it 
turns out that ?i = 1 - uL* in this case. We conclude 

(6) {*,i} E Dc. 

Take any S e Wv with e(S, f, v) = /u. Then S U {O} e Dc, thus the union of {O} and 
the set of veto players is in the span of Dc by (5). Hence, by (6), {*} is in the span of 
Dc. But now it is straightforward to verify that {O} and {i} (i is a veto player of v) are 
in the span of Dc. Up to now we have seen that each unit vector is in the span of Dc, 
thus Dc spans the Euclidean space. 

ad(a): Let a := c < a1 < a < a, be defined via 0 Da, C Da,_1 c . c Dao 
and let r, aj be maximal, i.e. for each a > c with D, = 0 there is j {(0,..., r} such 
that aj > a and Da = Da. It remains to show that Da, is balanced for each j. This 
will be done inductively. 

A straightforward computation shows for each j > 0 that 0 # D3j c , W ,, W 
where 

fi = (3 - -/ *) + + * - 1, D = , ,v). 

Define D, = {S e Da{*, 0} c S} U {{O,,*}}. Clearly, if j > 0, then 

(7) (S, T) e D3 implies S U {O} Daj, T U {*} Daj, 

(8) S c N, S u {O} e Daj implies the existence of (S, T) c DEj, 

(9) T c N, T U {*} Daj implies the existence of (S, T) E D/j. 
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Theorem 2.3 guarantees that there are balancing coefficients a(, T) w.r.t. Dpj, i.e., 

(10) E a(S,T)(ls + 1T) = i N- 
(S, T)eDP 

The observation that-by integrating (10) w.r.t. if and using (1) applied to I- 

(11) d := E a(S,T) < 
(S, T)eDLj 

holds, directly implies 1 - d > 0. Hence the equality 

(1 - d)t1* o + E (S,T)(1S + 1T) =1N{O* 
(S, T)eD j 

where S = S U (0, T = T U {*}, proves that Daj is balanced for j > 0. Clearly 
D, = D<a if r + 0. Assume D, is balanced for each i {j + 1,..., r) and some 
j > 0. If j > 0 we proceed by showing that each vector 1R with R E Daj \Da is a 
linear combination of vectors 1Q, Q c D, U Dua+ Indeed, take any such R and 
assume R D,a U Dj+. Clearly, R = {*,0} U R for some 0 4 R c N. If IRI > 2, 
then each R1 = {*, O} u {i, i E R, is a member of Dj+ , thus 

1R =E (lt- 1) ,R ). 
i GE 

If IRI = 1, let us say 
/ 

= {i}, then 

C ?< 1 + ( X + ,* - 3)oj* < u < 1 - , 

thus i is no veto player of v. Take any S c Dar with {*, 0} c S. Then S U {j} e D,j 
thus R is a linear combination of the preceding coalition, {0, *}, and S. Hence R is in 
the span of Da u D,,j+. An inductive argument and Remark 3.2 show that Daj is 
balanced for j > 0. 

The case j = 0 can be treated analogously by observing that balancedness of Do 
directly implies balancedness of Di0n n (WV x WV,). Q.E.D. 

LEMMA 3.6. With the notation of the last theorem ?i = 1 - ,* for each veto player i 
holds true. 

PROOF. Assume w.l.o.g. that v has no null-players. If ,t = 0, then v is the 
unanimous game (i.e., u(S) = 1 iff S = N) and the assertion is trivially satisfied by 
AN. Moreover, assume there is a veto player i of v. Then the fact that i is a winning 
player of v* implies ,* > /. Since v is not the unanimous game we come up with 
/, > 0, thus 

D := D( + ,t*, f, v) c W, x W,*. 

Then 

E as,T< 1 by(11), 
(S, T)ED 
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where a(, T) are balancing coefficients for D. Clearly, i E S for (S, T) E D. Now the 
inequality 

E (,T)(is + lT)i 1 > E a(ST) = E (S)i 
(5, T)eD (S, T)eD (S, T)D 

shows that e({i}, f, v*) = /*, thus ?i = 1 - ,/*. Q.E.D. 
In order to combine Theorem 3.5 and Corollary 2.4 the following notation is useful. 
DEFINITION 3.7. Let r be a set of weighted majority games. A solution concept a 

on r satisfies the dual constant-sum extension property (DCSE), if for every dual 
constant-sum extension (N, v) e r the following holds: Let v be-up to renaming 
the additional players-the dual constant-sum extension of a game (N \ {i, j}, w) and 
w e r, then-for each x E a(w)-there is c E R such that 

c(l - /(x, v*),1 - L(x, ),x) E cr(v). 

PROPOSITION 3.8. Let r = {(N, v)lN c U and v is a weighted majority game}, where 
U is an infinite set. There is a unique solution concept on F, which satisfies NE, PO, 
DCSE, and coincides with the nucleolus on constant-sum games, and it is the modified 
nucleolus. 

PROOF. The modified nucleolus satisfies NE, PO, DCSE, and coincides with the 
prenucleolus, thus with the nucleolus, on constant-sum games by Proposition 1.4, 
Corollary 2.4, Theorem 3.5, Definition 1.1 and anonymity. Conversely, each game 
(N, v) E r occurs as a game such that there is a game (N u {i, j}, w) E r which 
coincides-up to renaming the additional players-with the dual constant-sum exten- 
sion of v. Thus the properties uniquely determine o(v). Q.E.D. 

The following examples show that i(', v) need not be constant on 'YF(v), if the 
weighted majority property is deleted, and that an analogon to Theorem 3.5 cannot 
be valid if the dual constant-sum extension v? is replaced by the classical constant-sum 
extension of v as defined in, e.g., Einy and Lehrer (1989). 

EXAMPLE 3.9. (i) Let N = {1,2,3,4}, S1 = {1}, S2 = {1,3,4}, T1 = {1, 4, T2 = 
{1, 3}, and (N, v) be defined by 

2, if S = S1 for some i= 1,2, 
v(S) = -2, if S = T for some i 1,2, 

0, otherwise. 

For any y E X(v) we have 

2 

. e(Si,y,v) + e(N\ Ti,y,v*) = 8, 
i=l 

thus ,t(y, v) + it(y, v*) > 4. With x = (-1, 1, 0, 0) and y E Convex Hull {x, -x} we 
come up with ,L(y, v) + g(y, v*) = 4, thus y eJ'.f'(v). Now tx(x, v) = 3 # 1 = 

tL(-xc, v) holds true, but both, x and -x, are elements of 'Y(Iv). Besides, q(v), 
v(v), v(v*), (p(v) turn out to be (0, 0, 0,0), -x, x, and (3, - , 0,0) respectively. 

(ii) Let N = {1,..., 8} and (N, v) be the weighted majority game represented by 
(A; m), where A = 25, m = (13, 7, 6, 6, 4, 4, 4, 2). Recall that the constant-sum exten- 
sion (N u {*}, v0) of v is defined by 

fo) v(S), Sc N, 

?0(s) =v*(S\{*}), * S. 
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It can be verified that vo can be represented by (A; mi), i = 1, 2, where mj = mi for 
i =1,...,7; m8 = 3, m 3, m = m2 = 2.5. It should be remarked that vo is 
the constant-sum extension of a game with two minimal representations, introduced 
in Dubey and Shapley (1978). It turns out that v(vo) = f(vO) = m2/m2(N U {*}) 
(see Krohn and Sudholter (1995): v0 is one of the games listed in the appendix of this 
paper). The normalized restriction y of this vector m2 to N, i.e. 

y = (13,7,6,6,4,4,4,2.5)/46.5 

cannot be a member of the modified least core of v, since 

., / 25 \ 22.5\ 47.5 
/x(y,v) + (y,v*) = ( - 465 + (1 46. 5 2 46.5 and 

( 25 )( 22\ 47 
1(Z,v) + p(z,v*) = ( - 46) + (1 - )= 2 - 6 

where z = m/m(N). Indeed, it can be verified that z = if(u) holds true but the 

corresponding proof is skipped. 
For the sake of completeness we present examples which show that all axioms of 

the last proposition as well as the infinitely assumption on the universe of players are 
logically independent. 

REMARK 3.10. The axioms of Proposition 3.8, i.e., NE, PO, DCSE, and the 
coincidence with the nucleolus for a constant-sum game are logically independent on 
the set r of weighted majority games with a player set contained in the infinite set U. 
Indeed, let four solution concepts on F be defined by 

o( ) _tI(v), if visa constant-sum game, 
\0, otherwise, 

(rW( v), if v is a constant-sum game, 
lO(v) - {?' (v)}, otherwise, 

o 2( ) = -fr( V), 

c3(v) = {x E X(v) Ix induces a representation of v}, 

for each u E F. Clearly a 0 shows the independence of NE. The solution ar1 satisfies 
DCSE and coincides with the nucleolus for constant-sum games but is not Pareto 
optimal. The solution concept a 2 satisfies PO, but not DCSE, and coincides with the 
nucleolus on constant-sum games. The considerations following Definition 3.4 show 
that (1 - l/x(m, v*), 1 - /L(m, v), m) induces a representation of the dual constant-sum 
extension of a given weighted majority game (N, v), if the normalized vector m 
induces a representation of v, i.e., m(N) = 1 and (1 - /(m, v); m) is a representa- 
tion of v. Therefore ac3 satisfies PO and DCSE, but does not coincide with the 
modified nucleolus. The observation that the set of vectors inducing a representation 
of a weighted majority game is a full dimensional convex cone implies this last 
assertion. 

Finally note that the assumption of the infinite cardinality of the universal player 
set U cannot be dropped in Proposition 3.7. Indeed, if U is finite and IUI > 3, the 
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solution concept 

{ (v), if N : U, 
o(uv) = \a ( v), if N= U, 

for each (N, ) E F satisfies PO, DCSE, and coincides with the nucleolus on 
constant-sum games. The set F contains a game which is equivalent to ({1,..., IUI}, v), 
where v is the homogeneous game represented by (A, m), given by 

f2, i =1, 
m = 1 i E {2,3}, A =3, 

0, otherwise. 

It can easily be verified (see, e.g., Peleg, Rosenmiiller, and Sudholter (1994) or 
Rosenmiiller and Sudh6lter (1994)) that v(v) = (1, 0,..., 0), thus v(v) 4 +(v). 
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