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ARTICLE INFO ABSTRACT
Article history: In 1985 Aumann axiomatized the Shapley NTU value by non-emptiness, efficiency, una-
Received 3 August 2012 nimity, scale covariance, conditional additivity, and independence of irrelevant alternatives.

Available online 22 April 2013 We show that, when replacing unanimity by “unanimity for the grand coalition” and

translation covariance, these axioms characterize the Nash solution on the class of n-person

f;flassﬁmnon' choice problems with reference points. A classical bargaining problem consists of a convex
c78 feasible set that contains the disagreement point here called reference point. The feasible

set of a choice problem does not necessarily contain the reference point and may not be
Keywords: convex. However, we assume that it satisfies some standard properties. Our result is robust
Bargaining problem so that the characterization is still valid for many subclasses of choice problems, among
Nash set those is the class of classical bargaining problems. Moreover, we show that each of the
Shapley NTU value employed axioms - including independence of irrelevant alternatives - may be logically

independent of the remaining axioms.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction

A bargaining problem on a set N of n agents consists of a pair (S,d) where S C RV, the feasible set, is a non-empty
comprehensive set of utility profiles and d € S is the disagreement point. Nash (1950) characterized the Nash solution on the
class of bargaining problems with convex feasible sets by Pareto efficiency (EFF), equal treatment of equals, scale covariance
(SCOV), and independence of irrelevant alternatives (IIA). Bargaining problems may be regarded as particular cooperative non-
transferable utility (NTU) games, and, hence, the Shapley NTU value (Shapley, 1969) is a generalization of the Nash solution.
Aumann (1985) characterized the Shapley NTU value (on the class of NTU games with closed, non-leveled, and smooth
feasible sets) by non-emptiness (NE), EFF, conditional additivity (CADD), unanimity (UNA), SCOV, and® IIA. For n =2, an NTU
game is either a bargaining problem or a rationing problem, i.e., a pair (S, c) where S is an aforementioned feasible set and
c e RN, the profile of reference utilities, does not belong to S. The current paper extends the rationing solution of Mariotti
and Villar (2005) to non-convex rationing problems (see Theorem 3.1), and Proposition 5.1 also extends Proposition 4 of
Herrero and Villar (2010).

Several authors investigated generalizations of the Nash solution for bargaining problems with non-convex feasible sets
(Herrero, 1989; Conley and Wilkie, 1996; Zhou, 1996; Mariotti, 1998; Peters and Vermeulen, 2012). We consider both, bar-
gaining problems (i.e., surplus sharing problems) and rationing problems (i.e., bankruptcy problems), and do not assume in
general that a feasible set is convex. Thus, this paper generalizes the definition of the Nash solution and extends its char-
acterization so that it may be applied both to bargaining and to rationing problems whose feasible sets are not necessarily

* Corresponding author.
E-mail addresses: psu@sam.sdu.dk (P. Sudhdélter), josemanuel.zarzuelo@ehu.es (J.M. Zarzuelo).
T His additional axiom of “Closure Invariance” is not relevant for NTU games with closed feasible sets.

0899-8256/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.geb.2013.04.001



220 P. Sudhdlter, J.M. Zarzuelo / Games and Economic Behavior 80 (2013) 219-228

convex. Hence, the class of considered problems is much larger than the standard one. Moreover, our results turn out to be
robust in the sense that they are applicable to several remarkable subsets of choice problems with reference points, e.g., to
classical bargaining problems with convex feasible sets.

Rubinstein and Zhou (1999) introduce “choice problems with reference points”, i.e., pairs (P,r) where P is a set of
feasible alternatives in some set X and r is a “reference point” in X. They do not assume that in their model the agents are
endowed with any preference relations over the set X, i.e.,, they do not intend to model conflicting interests in a bargaining
problem. In contrast to these authors, we specify these conflicting interests explicitly by considering the elements of P and
r itself as utility profiles. Despite of these differences in the interpretations, bargaining and rationing problems have the
same structure: They consist of a feasible set (of utility profiles) and a reference utility profile. Thus, we keep the name
and call a pair (P,r) where P C RV is a feasible set and r € RN a choice problem (on N) with reference point (r) as well.
The Nash solution of a choice problem with reference point (P, r) is the Shapley NTU value of the associated NTU game if
P is non-leveled, smooth, and convex: A Pareto efficient element x of P is a Shapley NTU value if and only if, up to some
natural scaling, it is the Shapley value of the transferable utility TU game that arises when replacing P by the half-space
determined by the supporting hyperplane through x. Hence, the concept of Nash solution may be generalized to a choice
problem (P, r) with a non-convex (but still non-leveled and smooth) feasible set by replacing “supporting hyperplane” with
“tangent hyperplane” where necessary. We show that suitable versions of the axioms used by Aumann may be used to
characterize the aforementioned generalization of the Nash solution to several classes of choice problems with reference
points. The axiom UNA requires for NTU games that the solution equally divides the available one unit to the players of
S in the unanimity game of any subcoalition S of N. Thus, the unique unanimity game that may be regarded as a choice
problem with reference point (in fact a bargaining problem) is the unanimity game of the grand coalition N. Hence, UNA
and SCOV on choice problems do not longer imply translation covariance (TCOV) as in the case of NTU games. Thus, in our
results TCOV is additionally employed.

The paper is organized as follows. In Section 2 the necessary notation is provided, the definitions are presented, and
straightforward properties of the Nash solution are deduced or recalled. It is also shown that the Nash solution of a uniformly
p-smooth (in the sense of Maschler and Owen, 1992) choice problem with reference point always exists.

Section 3 is devoted to the axiomatization of the Nash solution on uniformly p-smooth choice problems with reference
points. It is shown that Aumann’s (1985) characterization of the NTU Shapley value may be resembled: The Nash solution is
characterized by NE, EFF, CADD, UNA, SCOV, TCOV, and IIA (see Theorem 3.1). In Section 4 it is shown by means of examples
that each of the employed axioms is logically independent of the remaining six axioms.

Section 5 investigates the “robustness” of Theorem 3.1. It turns out that the characterization still holds on many inter-
esting classes of choice problems with reference points. Indeed the result holds for many classes of choice problems with
convex feasible sets; e.g., for the class of classical bargaining problems with non-leveled smooth convex feasible sets, the
Nash solution is characterized by the first six axioms, i.e., [IA is not needed. Also it turns out that, if IIA is slightly modified,
the set of uniformly p-smooth choice problems may be replaced by the set of p-smooth choice problems with a non-empty
Nash solution. Finally, this section contains some remarks about the logical independence of the axioms that are employed
in the aforementioned modifications of Theorem 3.1.

Appendix A is devoted to show some technical results that are used in the preceding sections. Namely, it is shown that
for any point x of its boundary, any (uniformly) p-smooth feasible set contains a convex (uniformly) p-smooth feasible set
that contains x.

2. Preliminaries

For a finite set N we denote by RN the set of all real functions on N. So RN is the |N|-dimensional Euclidean space.
(Here and in the sequel, if D is a finite set, then |D| denotes the cardinality of D.) For x, y € RN let x- y denote the scalar
product, and we write x > y if x; > y; for all i € N. Moreover, we write x > y if x> y and x # y and we write x> y if
x; > y; for all i € N. We denote RY = {x e RN | x>0} and RY | = {x € RN | x> 0}. For every S C N, the indicator function on
S is denoted by x° e RV, i.e.,

S _ 1, iijS,
Xi =)o, ifjeN\S,
and x(S) =x- x5 =Y ;s xi for every x e RN.

Let N be a finite non-empty set. A choice problem of N is a pair (P,r) such that r e RN and P C RN is feasible (for N),
ie.,

P #@,RN; (2.1)
P s closed; (2.2)

P iscomprehensive: xe P, ye RN, y<x=yeP. (2.3)
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We recall the definition of “uniform positive smoothness” (Maschler and Owen, 1989).

Definition 2.1. Let P C RN be feasible. Denote by 3P the boundary of P. The set P is smooth if

(1) at every x € 9P there exists a unique tangent hyperplane H* = H* to P;
(2) the mapping oP — Rﬁ, x> A¥ =% is continuous, where A* € RN is the unique normal vector determined by the
requirements AX(N) =1 and H* ={y e RN | AX. y =% . x}.

Moreover, a smooth set P is positively smooth (p-smooth) if A%P > 0 for all x € 3P, and it is uniformly p-smooth if there
exists 8 > 0 such that A%" > §xN for all x€ dP.

Thus, a choice problem (P, r) is (uniformly p-)smooth if P is (uniformly p-)smooth. Note that p-smoothness of P implies
non-levelness of P, an assumption that is widely used in the corresponding literature.

Let N be a finite non-empty set. We denote by I'y the set of all p-smooth choice problems (P,r) such that P € RN,
A solution on I' C I'y is a mapping o that assigns to each (P,r) € I a set o(P,r) € P. Some well-known properties of a
solution o on I" are as follows. The solution o satisfies

(1) non-emptiness (NE) if o (P, 1) A3 V(P,r) e I';

(2) efficiency (EFF) if o (P,r) C9P V(P,r) e I';

(3) conditional additivity (CADD) if (P!,r') e I', i€ {1,2,3}, P = P! + P2, and? > =+ +r2 imply that
o(P?,r?) 2 (o(P', 1) + o (P, 1)) NaP3;

(4) unanimity (UNA) if (UN,0) e I" implies o (UN,0) = {HW'XN}, where
UN = {xeRN | x(N) < 1};

(5) scale covariance (SCOV) if for all (P,r) € I" and for all A ]RLr such that> W« P, Axr) e, c(Ax P, Axr)=A%0(P,1);

(6) translation covariance (TCOV) if for all (P,r) € I' and y € RN such that (P +{y},r+y) e, o(P+ {y}.,r +y) =
o(P,n+{yh

(7) independence of irrelevant alternatives (IIA) if (P,r), (P’,r)e I', P C P’ imply that o (P,r) 2 o (P’,r)N P.

(8) independence of irrelevant expansions (IIE) if (P,r), (P’,r) e I', P € P’ imply that o (P’,r) 2o (P,r)NJP’.

Definition 2.2. Let (P,r) € I'y. The (generalized) Nash solution of (P, r), denoted by ¢ (P, 1), is defined by

¢(P,r)={xedP|(x —rarF = (xj - rj)A’Jf’P Vi, je N}. (2.4)

Let (P,r)e I'y. If r ¢ P, ie, r is not feasible, then (P,r) is a rationing problem (that is frequently called “bankruptcy
problem” in the literature) and

d(P, 1) = {xe apP ‘x <r, ]_[(r,- —X) > ]_[(r,- —y)VyeH* nlzeRN|z< r}}. (2.5)
ieN ieN
If reP,ie, ris feasible, then (P, r) is a bargaining problem (that is also called “surplus sharing problem” in the literature)
and

o(P,1)= {xe aP ‘ X>r, H(Xi —ri) > H(yi —r)VyeH*Pn{zeR" |z> r}} (2.6)
ieN ieN
Note that the generalized Nash solution selects the set of stationary points of the Nash product [];cy(x; —r;) over the set
of Pareto efficient points of P.

Remark 2.3. Let (P, r) € I'y. For x € 9P define the TU game (N, v) = (N, v®?) by v(N) = A*P . x and v(S) = A’g’P -1g for all
S g N. Note that x € ¢ (P, r) if and only if A" % x is the Shapley value of (N, v) (Shapley, 1969).

In general, it is well known that a generalized Nash solution may not exist even in the case that N = {1, 2}. Indeed, if
(P, 1) is defined by r=0 and P = {x € RN | x; <0 and x; < —Xlz}, then ¢ (P, r) = @. Thus, we denote

1

2 Whenever applied to sets, the “+” denotes the “Minkowski sum”.
3 We use the notation A % x = (A;X;)ien for all A,x € RN,
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ry={P,neln|sP,r#0} and i ={(P,r)e Iy| P isuniformly p-smooth}.

We now show that FI{,"“ C F,\"; .
Proposition 2.4. The generalized Nash solution of a uniformly p-smooth choice problem exists.

Proof. Let (P,r) € Fl\‘}“i. The following three claims may be used to finish the proof:

(1) If reaP, then ¢p(P, 1) ={r}.
(2) If r ¢ P and maxep x<r | [jen (i — Xi) exists, then

@;éargmax{l_[(ri —Xj) ‘xe 8P,x<r} Cop(P,r)C{xecdP |xKLr}.
ieN

(3) If r is in the interior of P and maxxep x>r [ [jcy (Xi — 1) exists, then

@;ﬁargmax{l_[(x,- —Ti) ‘xe P,x}r} Cop(P,r)C{xecaP |x>r}.
ieN

Indeed, by claim (1) we may assume that r ¢ OP. If r ¢ P, then {x € P | x <r} is non-empty and compact by uniform p-
smoothness so that maxyep x<r | [;cn (i — Xi) exists and claim (2) finishes the proof. In the remaining case we may employ
claim (3).

We now show the three claims. The first claim is a straightforward consequence of the definition. The second inclusion
in both of the remaining claims follows immediately from the definition of ¢. The first inclusions may be shown as follows.
If r ¢ P, then let y € argmaxyep x<r [ [;en (i — Xi). The hyperplane {z € RM | x-z=x-y} is a tangent to the hyperbola
{zeRN |r> 2z, [Lien(ri —zi) =t} so that y € ¢(P,r) by Remark 2.3. If r is in the interior of P, then the proof is similar. O

Remark 2.5. Without smoothness the Nash solution violates CADD (Aumann, 1985, Section 9, in particular Fig. 1). If P and
Q are smooth feasible sets, xe P,y € Q,and x+y € (P + Q), then x€ 9P, y € 3Q, and the tangent hyperplanes at x to P
and at y to Q are paralle], i.e, 2%P =2YQ,

From Definition 2.2 and the subsequent paragraphs it may easily be deduced that the generalized Nash solution satisfies
the eight aforementioned properties on suitable subsets of I'y which is summarized in the following corollary.

Corollary 2.6. The Nash solution on any I" C F,{’,ﬁ satisfies NE, EFF, CADD, UNA, SCOV, TCOV, IIA, and IIE.

Remark 2.7. Let (P,r) € I'y.

(1) Classically (Nash, 1950) it was assumed that r € P and that P is a convex set. In this case, ¢ (P, 1) is a singleton, namely
the vector y that maximizes the Nash product [];_y(x; — ;) subject to x € P that satisfy x >r.

(2) Similarly, if RN\ P is convex and r ¢ P, then ¢ (P, x) consists of the unique vector that maximizes [Lien (ri — xi) subject
to x<r and x € 9P (see Eq. (2.6)).

3. Axiomatization on uniformly p-smooth choice problems

The main result of this section is the following theorem.

Theorem 3.1. The Nash solution on F,{,’“i is the unique solution that satisfies NE, EFF, CADD, UNA, SCOV, TCOV, and IIA.

Proof. By Corollary 2.6 we only have to show the uniqueness part. Let o be a solution on 1“1\‘,”1i that satisfies the desired

axioms. Let (P,r) € F;,mi. It remains to show that o (P,r) =¢(P,1).
We consider first the following special cases.

(1) P={xeRN |x(N) <0},r=0: Let x € o (P, r). By EFF, x(N) = 0. By CADD, x + ﬁxN € o (UN,0). By UNA, x = 0. By NE,
o(P,r)={0}=¢(,1).

(2) There exists A € RﬁJr such that P ={x e RN | A -x < A -r}. In this case o(P,r) = ¢(P,r) = {r} by case (1), SCOV, and
TCOV.
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(3) There exist A € R\, and ¢ > A-r such that P ={x e RN |1 -x <c}. Let
P’={XGRN|A-x<c—A-r}.
By SCOV and UNA, o (P’,0) =¢(P’,0) = {(C;“)IEN} By TCOV, o (P, 1) =0 (P',0)+ {r} =¢(P,1).

INTA;
(4) There exist AeRﬁ"rJr and c < A-r such that P ={xeRN |1 -x <c}. Let

P/={erR{N|A-x<—c} and P”:{xeRNM.ng}.

By EFF and CAD, o (P, —r) + o (P,r) Co(P”,0). By case (1) and SCOV, o (P”,0) = {0} = ¢ (P”, 0). By case (3) and NE,
o(P,r)=—0(P',—r)=¢(P,1).
(5) P is convex. Let y € o(P,r). By EFF, y € 9P. Let A =AY-P. Then A -y > A -x for all x € P by convexity. Let

P'={xeRV|r-x<r-y} and P"={xeR"|ar.x<0}.

By cases (2)-(4), o (P”,0) = {0} =¢(P”,0) and o (P’,r) =¢(P’,r) is a singleton. By CADD, {y}+ o (P”,0) Co(P’,r) so
that y € ¢ (P, r) by IIA of ¢. The opposite inclusion is shown similarly by interchanging the roles of o and ¢.

(6) RN\ P is convex. Let y € 6 (P,r). By EFF, y € P. Let A =21%"P and P’ ={x e RN | »-x < A-y}. By IIA and cases (2)-(4),
yeao(P',r)=¢(P’,r). By IIE of ¢ (see Corollary 2.6), y € ¢(P,1).
In order to show that ¢(P,r) C o(P,r), let z € ¢(P,r). If r is not in the interior of P, then, by Remark 2.7(2),
|¢p(P,1)|=1so0 zeo(P,r) by NE.
Hence, we may assume that r is in the interior of P. It is sufficient to find (P’,r), (P”,0) € F,l,"‘i such that 0 € 9P”,
RN\ P” is convex, z € 3P’, P’ is convex, P’ C P, and P = P’ + P”. Indeed, as O is not in the interior of P”, {0} =
¢(P",0) =0 (P”,0). Moreover, z<€ ¢(P’,r) =0o(P’,r) by IIE of ¢ and case (5) so that y € o(P,r) by CADD. Now, we
shall construct P’ and P”. Let GP',GP" : RN — RN be defined by

GPxy=2y-x, Gy =2x—2y vxeRVN

and define
P'={zeRN|3IxedP: z< <G” )} P’={zeRN|3xedP: ngP”(x)}.

With A =AYP and g = g»" it may easily be deduced that, for all x e RN,

! " X
g P x)=-gy—x and g’ (x):2g<§_|_y)

so that Vg*P'(x) = Vg(2y —x) and Vg*P"(x) = Vg(% + y). Hence, P’ and P” are uniformly p-smooth by Remark A.1
of Appendix A. It is straightforward to verify that P’ and P” satisfy the desired properties.
(7) Now we are able to consider the general case and prove that o (P,r) =¢(P,1).

(a) Let y € o (P, r). By EFF and Corollary A.4 there exists (P,1) € F‘”“ such that P is convex, y € 9P, and P C P. By
IIA, y € o(P,r). By case (5), y € ¢>(P, r). By IIE of ¢, y € ¢(P,1).

(b) In order to show the opposite inclusion, let z € ¢ (P, r). By EFF, z € dP. By Corollary A.4 there exists (P’, —r) € FI\‘,’“i
such that P’ is convex, P’ € —(RN \ P), and —z € P’. Let P” = —(RN \ P’). By IIE of ¢, z € ¢(P",r). By case (6),
zeo(P",r).ByllA, zeo(P,r). O

4. On the logical independence of the axioms

The following solution, denoted by ¢, will be useful. For (P,r) € F,l“,‘“i let

A e, ifreP,

By Proposition 2.4 and a careful inspection of claim (2) of its proof,  satisfies NE. In view of and EFF and UNA, because
¢ is a non-empty subsolution of ¢. It is straightforward to verify that ¢ satisfies SCOV, TCOV, and IIE. The following example
shows that ¢ does not satisfy IIA provided that |N| > 2.

Example 4.1. Let [N| >2 and X = {x e RN|x <0, H’?(’V( xi) > 1}. Then X is a p-smooth feasible set. If Y ={y e dX | y; >
—2}, then Y #£¢ so that P ={ze RN | AV X.z<a¥X .y Vy e Y} is uniformly p-smooth. Let r = 0. We may easily deduce

that ¢(P,r) =Y. Let P’ = P — {x"}. By symmetry of P, ¢#(P’,r) > —2xN. Let i € N. Define X by X Xj=-3and X =-1— zwl‘_l

and observe that X € 9P". However, [[;cy —% =3""! + ;: 1 2" =[];cn 2 so that —2xN ¢ #(P’,1). For sketches of P and
" in the case |N| =2 see Fig. 1.
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U2

ul

Fig. 1. Sketch of the uniformly p-smooth feasible sets P and P’.
We now show that ¢ satisfies CADD.

Lemma 4.2. The solution ¢ on Fl\‘,mi satisfies CADD.

Proof. For i € {1,2}, let (P, r') € I¥", x' € ¢(P!, r') such that, with P =P' + P2, r=r' +r2, and x=x" + %, (P,r) € [¥™
and x € 3P. By CADD of ¢, x € ¢(P,r). It remains to show that x € (P, r). If r € P, then the proof is finished.

Hence, we may assume that r ¢ P. As x € P, AX P! = 2¥*:P* — 3xP_ By Remark 2.3, there exists ¢ € R such that (r2 —
x%) =c(r' —x"). A careful inspection of the proof of Proposition 2.6 (see claims (1)-(3)) shows that x' < r! or x* <« r2.
Without loss of generality we may assume that x! « r!l. By definition of ¢,

Plg{zeRN)z«rl, H(r}—zﬁ)ﬂ(r}—x})}::zl (4.1)
ieN ieN

Let Z={zeRN |z<r, [Ticn(ri — zi) = [Tjen (i — xi)}. TWo cases may occur:

(1) x% > r2. By expression (4.1), P D {x*} + Z!. Let z € Z and define z' =z — x%. It suffices to show that z! € Z!. Now,

zV « 11, because x2 >r? and z<«r. Asr>x, —1<c<0.Witha=r—z,b=r—x, and o = — T, We receive
'~z —=a+ab, r'—x'=(1+4+a)b, ab>0, ando >0.
Hence, it suffices to show the following implication:
abeRY,,  JJa=[]b. «>0=]]@+ab)=]](1+ab). (4.2)

ieN ieN ieN ieN
Indeed, implication (4.2) may be proved by induction on |N|. If |[N| =1, then the desired implication is obviously valid.
Assume that implication (4.2) is valid for |N| <r for some r € N. If |[N| =r + 1, then we may assume that a, < by for
some k € N and, hence, a; > b, for some ¢ € N. Define d € RN by d; =a; for all i € N\ {k, £}, Gxde = axae, and

. by,  ifaxae <byby,
k= { A otherwise.
14
Then
a>o, l_[&,- :l_[a,-, and 1_[(&1- +ab;) < n(a,~+ab,-).
ieN ieN ieN ieN
The proof is finished by applying the inductive hypothesis, either to N\ {k}, if a, = by, or to N\ {¢} in the other case,

ie., if (~15 = b(.
(2) x> «r?. Let

2 2 2 2 2
z =!zeRN ‘z<<r 10 -2) =] —xi)}.
ieN ieN
By definition of ¢, P2 D Z2. As Z' + Z2 D Z, the proof is finished. O



P. Sudhdélter, .M. Zarzuelo / Games and Economic Behavior 80 (2013) 219-228 225

The solution oi,i=1,...,6, shovys that the i-th axiom in Theorem 3.1 is logically independent of the remaining axioms
provided that [N| > 2. If (P,r) e I'y™, then

1 | er,r), ifrepP\aP,
o P.n= 2, otherwise;
¢ (P,1), ifre P\dP,
(P, r) —RY, otherwise;

3 _Jo(P,r), ifreP\aP,
o’ (P,r) = aP, otherwise;

O’Z(P,T‘) =

o*(P,r)=dP;
o>(P,1)={xedP|x=r+tx" forsomet e R};
a®(P,1)=¢(P,0).

As mentioned in Corollary 2.6, the Nash solution satisfies II[E. Hence the seven axioms employed in Theorem 3.1 imply
IIE. For completeness reasons we should like to remark that all of the axioms are needed to guarantee IIE. Indeed, each of
the foregoing examples o'!,02, 04, 05,06, and ¢ satisfies IIE. In order to show that also CADD is needed, we may replace
o3 by the solution ¢’ that differs from o> only inasmuch as it assigns {x € 9P | x <r} to each (P,r) with r ¢ P\ dOP. The

solution ¢ inherits NE, EFF, UNA, SCOV, TCOV, and IIA from o3, and it satisfies IIE in addition.
5. Bargaining problems and p-smooth choice problems

This section is devoted to some modifications of Theorem 3.1 showing the robustness of this axiomatization.
We first treat p-smooth choice problems with convex feasible sets. Let I'{®" ={(P,r) € I'y | P is convex}. A set I C I'\°"
is a feasible domain of convex choice problems if

(1) rery;

(2) ((xeRN | x(N)<c},r) eI forall ceR and all r € RN such that r(N) <c;
(3)If (P,r) eI and A eRY, then (A P, Ax1)€T;

(4) If (P,r) eI and x€ dP, then ({y e RN [ a¥P .y <axP.xpher.

A careful inspection of cases (1)-(5) in the proof of Theorem 3.1 shows that this result holds when replacing Flb‘“i by
any feasible domain of convex choice problems, i.e., we have the following proposition.

Proposition 5.1. Let " C FI\CJ"“ be a feasible domain. The Nash solution on I is the unique solution that satisfies NE, EFF, CADD, UNA,
SCOV, TCOV, and IIA.

A choice problem with reference point (P, r) is a bargaining problem if r € P. In this case, we may interpret r as the
disagreement point and use the letter d instead of r. A bargaining problem (P, d) is proper if d is an element of the interior
of P.

A careful inspection of the proof of Theorem 3.1 shows that this result still holds if F,{,”“ is replaced by the subset of
uniformly p-smooth bargaining problems on N.

Moreover, it should be noted that the set of bargaining problems (P,d) C I'y such that P is convex is a feasible domain
so that Proposition 5.1 applies also to this set. However, in this case, we don't need IIA.

Theorem 5.2. Let I' C I'{°" consist of bargaining problems only. Then I" C Flff and if I is feasible, then the Nash solution on I' is the
unique solution that satisfies NE, EFF, CADD, UNA, SCOV, and TCOV.

Proof. Let (P,d) € I". By (1) of Remark 2.7, ¢(P,d) # . In order to show the second statement, we may follow the first
part of the proof of Theorem 3.1. Indeed, we may first literally the proof until and including case (3) because IIA is not
employed in this part. Note that cases (4), (6), and (7) cannot occur. The first inclusion o (P,d) C ¢ (P,d) of case (5) may
be literally copied - it just refers to IIA of ¢. The part that shows the other inclusion with the help of IIA may now be
circumvented, because by (1) of Remark 2.7, ¢ (P, d) is a singleton. O

We now check if our result may be applied to F,? . If we want to adjust the proof of Theorem 3.1 suitably, we first notice
that we have to replace Corollary A.4 by Lemma A.3 wherever it occurs. Unfortunately, the general case (7) may not be
adjusted in a straightforward manner. In fact, if P is not uniformly p-smooth, then the convex p-smooth choice problem
(P, r) whose existence is guaranteed by Lemma A.3 may not be uniformly p-smooth so that ¢ (P, r) =@ might be possible.

In order to overcome this problem we employ a slightly stronger version of IIA. For the sake of completeness, we also
modify IIE. Let I' C I'y and o be a solution on I'. Then o satisfies
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(7") A" if (P,r)e Iy, (P',r)e ', PC P, and o (P',r)N P # @ imply that (P,r)e I’ and o (P’,1) NP Co(P,r);
(8) IIE' if (P’,r)eI'y, (P,r)e ", PC P/, and o(P,r)NAP’ #¢ imply that (P’,r) eI and o (P,r)N AP’ C o (P',7).

Note that ¢ satisfies [IA’ and IIE’ on Fﬁ . Moreover, if we replace IIA and IIE by the stronger versions wherever they occur
in the proof of Theorem 3.1, then we receive the following result.

Corollary 5.3. On the set I“,\'f the Nash solution is the unique solution that satisfies NE, EFF, CADD, UNA, SCOV, TCOV, and I1A".

It should be remarked that Corollary 5.3 still holds when 1“,3’ is replaced by the subset of all bargaining problems in F,? .

Note that the solutions o, i=1,...,5, defined in Section 4 still show that the i-th axiom is logically independent of the
remaining axioms in all foregoing characterizations of the Nash solution provided |N| > 2. Moreover, ¢ still violates TCOV
and satisfies EFF, CADD, UNA, SCOV, and IIA’ on all mentioned classes of choice problems. However, o8 also violates NE if
I" contains all bargaining problems in Fﬁ so that, e.g., we don’t know if TCOV is really needed in Corollary 5.3.

We remark that the logical independence of 1IA’ in Corollary 5.3 is an open problem.

Finally, it should be noted that our solution ¢ defined in Section 4 still shows that IIA is needed in Proposition 5.1 if the
feasible domain consists, e.g., of all convex uniformly p-smooth choice problems. However, in general it is an open problem
if IIA is really needed. Only in the case |[N| =2 it is known that IIA is redundant if I" = I'{°" N Fl\"f (Peleg et al., 2012,
Theorem 3.1).
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Appendix A

The following remarks are useful.

; N
Remark A.1. Let N # ¢ be finite and A e RY, .

(1) Let P € RN be feasible. Then there is a unique function g =g’ :RN — R that satisfies x — g(x)» € 9P for all x e RN,
The mapping g is continuous and satisfies

P={xeRN|gx <0}; (A1)

gx+t))=gx) +t VxeRNV VteR; (A2)

g is nondecreasing; (A3)
)Lx—g(x)k,P

P issmooth = Vg(x) = Y vx e RN, (A4)

where, for any differentiable real function f:RN — R, Vf = ( %),EN denotes the gradient? of f.

(2) Let g:RN — R be a continuous mapping that satisfies Eq. (A.2) and condition (A.3). Then the set P& = P defined by
Eq. (A1) is feasible and g*P = g. Moreover, if Vg is continuous, then P is smooth, and g is convex if and only if P is
convex.

Remark A.2. Let P, Q € RN be convex such that P, Q, and P + Q are feasible.

(1) If P is smooth, then P 4 Q is also smooth.

(2) If P is smooth and, for any y € 9Q and any A € RN such that A > 0 and such that H={y' e RN |»-y ' =A-y}isa
supporting hyperplane at y of Q, A >0, then P 4+ Q is p-smooth.

(3) If P is smooth and there exists & > 0 such that, for any y € 3Q and any A € RN such that A > 0 and A(N) =1 and such
that H={y’ e RN | 1.y =x-y} is a supporting hyperplane at y of Q, > &x", then P + Q is uniformly p-smooth.

Indeed, in order to verify Remark A.2, note that any z € (P + Q) is of the form z=x+ y for suitable x€ 9P and y € 9Q
and if H={z e RN | 1.2/ =1z} for some A >0, A %0, is a supporting hyperplane at zto P+ Q, then {xX e RN | A-x' = A -x}

4 By (2) of Definition 2.1, the function g*? is C! provided that P is smooth.
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is a supporting hyperplane of P at x so that A is proportional to %" and {y’ e RN | »-y’ = A -y} is a supporting hyperplane
at y to Q. These observations immediately imply the desired statements.

LemmaA.3.If P € RN is a p-smooth feasible set and y € 9 P, then there exists a p-smooth feasible set P € RN such that

P is convex; (A5)
yeabp; (A.6)
pcrp. (A7)

Proof. For simplicity we may assume that y =0 (otherwise replace P by P — {y} and y by 0). Moreover, we may assume
that 2¥ = %P = 1xN (otherwise replace P by 1Y % P). Let g =g" " and X = HY"F = (x e RV | AY . x =0} = {x e RV |
x(N) = 0}. Now we define G:R; — R by the requirement that

G(t)y=max{Vg@rz)-z|ze X, |lz]=1, 0<r<t} Vvt>0, (A.8)

and note that G is well-defined by Remark A.1. Moreover, G(0) =0 and G is continuous. By the fundamental theorem of
calculus there exists a function g:R — R such that & =G and g(0) =0. As G is monotonically increasing, g is a convex
function. For any z € X satisfying ||z|| =1, define g,:R — R by g,(t) = g(tz) for all t € R,. Then, for all t >0,

g,(t)=Vgtz)-z<g'(t) and g, (0)=

Hence, we may conclude that

g() <g(t) VteR,. (A.9)

Now we are ready to define g as follows: For z € RN let x(z) = z— z(N)AY. Then x(z) € X and we define §(z) = &(||x(2)|) +
z(N) so that g(z+tAY) = g(z) +t for t € R. By Eq. (A.8), g is symmetric in the sense that

g2 =8(z+x"zj—z)+ xV(z —zj)) forallzeRN andi, jeN. (A10)
By inequality (A.9) and Eq. (A.2),

g2(z) < g(z) VzeRN. (A11)

Define P = {z e RV | g(z) <0} — Rﬁ. By inequality (A.11) and comprehensiveness of P, P C P. Moreover, y=0¢ P. It is
easy to check that, for all z e RN and alli e N,

g ifx(z)=0
o D= { (@) 5E + 1, ifx(2) #0. (A12)
As § is a convex function, we conclude that P is closed and convex. In order to show that P is smooth, by convexity, it
suffices to show that at each z € 3P there exists a unique supporting hyperplane to P.Let ' eRN, ¥ # 0, be some vector
such that P C {z e RV |3/ -2/ <1 - z). Then there exist X € RV with g(®) <0 and x € —RY such that z =& + x. Hence
gX)=0and x e 8(—]Rﬁ). As —Rﬁ isacone, M- x<0.As A -x=1-&X+0x) <A -z=1"-X%+1"-x, we may conclude that
A"-x=0 so that 1" - x>)-7 forall Z' e RN with g(z’) = 0. Thus, A’ is proportional to Vg(z). .

Now, P is p-smooth, then P = P satisfies the desired properties. Hence, we may assume that P is not p-smooth. We now
construct a p-smooth feasible set P with %13 C P C P. Note that %13 is a smooth convex feasible set that contains y =0 in

its boundary. Moreover, g~3 (z) = @ for all ze RN. ForieN, let X ={xe X | g—g(x) < 3hAs P is not p-smooth, by

Remark A.1 (A4), a careful inspection of Eq. (A.12) shows that X' s ¢ for all i € N. Let x,x" € X' such that [|x' > ||x]. As &
is convex and g(z) = g(||z||) for all z€ X, g(x')/2 — g(X'/2) > g(x)/2 — g(x/2). As X' is closed, we may conclude that

o = min @ — g(5>
: xeXi 2 2

exists. Moreover, by smoothness of P, &' > 0. Finally, by Eq. (A.10) we may conclude that o; = aj for all i, j € N. Now we

are ready to construct P. Let & < mm{“m LN} for all i € N and define
(

_ N+ Yy (N
Q—{yeR ]y (N)<e]+y (N)},

where x* and x~ denote the positive and negative part of any x € RN, ie., xt,x~ ¢ Rﬁ such that x =x* — x~. Note that
Q is convex and feasible and that Q C (—RY 0+ {exN}. Let P = ]P + Q. It is straightforward to verify that P is closed so
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that I:’ is feasible. We conclude that Q satisfies the assumptions in (2) of Remark A.2. It suffices to show that P C P. Let
z € 3P. Then there exist x € 9(3P),y €3Q, and A eRﬁ with A(N)=1so that z=x+y and 1P S (¥ e RN | -2 <x-2}
and Q S{y' eRN |y’ A<y} If IN|minjen A; > 1, then

-y~ (N) -y~ (N) y~(N)

ry<———4y"(N) < +e
VSN TV WS T+ y-(N)

_ £ 2 B 1 _
sV (N)(Hy-(lv) - 2|N|> sy (”)(S‘W) s0=2-0

so that y =0 and, hence, z € p.If IN|minjey A < % then, by construction, x +&x N € P. As y<exN,x+ye P. O

Corollary A4. Let P C RN be a uniformly p-smooth feasible set and y € dP. Then there exists a uniformly p-smooth feasible set
P C RN that satisfies conditions (A.5)-(A.7).

Proof. By Lemma 2.1 there exists a p-smooth feasible set P with the desired properties.
We shall now modify P as follows: For n > 0 let

Xu={zeRN| (ux™" + (1 - (IN|-=1)u)x™)-z<0VieN}.
As P is uniformly p-smooth, for any n > 0 with u < min{kly |ie N},

P+X, CP. (A13)

A N

Define P =P + X, As a sum of two convex sets, P is convex. By expressions (A.13) and (A.11), PSP, and y € P,
because y € P. As X, is a convex cone, {x} + X, C P for all x € P. As Xu 2 —Rﬁ, Pis comprehensive.

We now show that P is closed. Let (R 4+ xM)¢en be a convergent RN-sequence such that X' € P and ' € X, forall t eN.
It remains to prove that z = lim;_, oo X +xt € P.If 2 e RN such that & +xf > 7 for all t € N, then xt e{z}—X, forallt eN.
As <! forallieN, {xeRN 1Y . x< }ﬂ({z}—Xu)lscompact As PC{xeRN|AY .x< }Pﬂ({z}—xu)w
also compact. Hence, (X')¢eny has a convergent subsequence, let us say, is convergent itself. We conclude that (x )teN 1S also

convergent. As P and X, are closed, limi oo X € P and lim;_ o0 %' € X, so that Z=1limy_ oo X' + limy— oo X € P. Hence P is
feasible and Remark A.2 finishes the proof. O
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