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Abstract It is well-known that the prekernel on the class of TU games is uniquely
determined by non-emptiness, Pareto efficiency (EFF), covariance under strategic
equivalence (COV), the equal treatment property, the reduced game property (RGP),
and its converse. We show that the prekernel on the class of TU games restricted to
the connected coalitions with respect to communication structures may be axioma-
tized by suitably generalized axioms. Moreover, it is shown that the prenucleolus,
the unique solution concept on the class of TU games that satisfies singlevaluedness,
COV, anonymity, and RGP, may be characterized by suitably generalized versions
of these axioms together with a property that is called “independence of irrelevant
connections”. This property requires that any element of the solution to a game with
communication structure is an element of the solution to the game that allows unre-
stricted cooperation in all connected components, provided that each newly connected
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coalition is sufficiently charged, i.e., receives a sufficiently small worth. Both charac-
terization results may be extended to games with conference structures.

Keywords TU game - Solution concept - Communication and conference structure -
Nucleolus - Kernel

JEL Classification C71

1 Introduction

Inthe classical theory of cooperative games one assumes that all players may cooperate,
i.e., any coalition may form. However, a more general model for TU games is necessary
in order to describe situations in which cooperation is restricted. This model requires to
allow restricting the coalition function of a TU game to a set of feasible coalitions. E.g.,
Faigle (1989) has analyzed the cores of games with restricted cooperation in general.
Moreover, in many situations there is a structural restriction on cooperation. E.g.,
the cooperation may be restricted by some social, economical, hierarchical, or some
biological structure. In the present paper we adopt the model of Myerson (1977) who
introduces TU games with communication structures. A communication structure on
afinite set V, a graph with vertex set NV, only allows two players to communicate if they
are linked by an edge of the graph. Hence, itis assumed that only members of connected
coalitions are able to sign binding agreements via a series of agreements of the linked
players in the coalition. As the worth of a non-connected coalition may not be realized,
Myerson replaced it by the sum of the worths of the connected components of this
coalition [see (6.1) for the precise definition of the corresponding coalition function]
in order to define the Shapley value of the arising so-called “Myerson restricted game”
as a solution for the game with communication structure. Several other “value-related”
solution concepts for this class of games have been introduced and analyzed [see, e.g.,
Herings et al. (2010)]. In this paper we investigate two famous ““core-related” solution
concepts, namely the prenucleolus and the prekernel.

In order to generalize the aforementioned core-related solution concepts to a game
with communication structure, itis not necessary to extend its coalition function to non-
connected coalitions, e.g., by considering the Myerson restricted game. In fact, just
the classical definition of the prenucleolus and the prekernel may be directly applied
to the coalition function that is restricted to the connected coalitions [cf. Katsev and
Yanovskaya (2010) who investigated the prenucleolus for games restricted to systems
of coalitions that contain the grand coalition].

It is shown that a suitable modification of Sobolev’s (1975) famous classical char-
acterization of the prenucleolus is still valid for games with communication structures.
Only one additional axiom has to be added that we call “independence of irrelevant
connections” (IIC). It requires that an element of the solution to a game with commu-
nication structure remains an element of the solution to the game that allows internal
unrestricted communication in each of the components provided that each of the for-
mer non-connected coalitions receives a sufficiently small worth. It is, however, an
open problem whether IIC is really needed.
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The prenucleolus and the prekernel for games 287

Moreover, suitable versions of the determining axioms in Peleg’s (1986) character-
ization allow to axiomatize the prekernel for games with communication structures,
even without IIC.

Both solution concepts may easily be generalized to TU games with conference
structures as introduced by Myerson (1980).

The paper is organized as follows. In Sect. 2 we recall the basic definitions of
the general nucleolus, TU games with coalition and communication structures, and
related concepts, and propose our definition of the prenucleolus of a TU game with
communication structure that is entirely based on the possible cooperation inside the
connected coalitions. Indeed, we consider the prenucleolus of a game restricted to the
connected coalitions. In Sect. 3 we show that the prenucleolus may be characterized
by properties that are similar to those of Kohlberg (1971) for the (pre)nucleolus of
classical games. Section 4 is devoted to the characterization of the prenucleolus for
games with communication structures that is similar to Sobolev’s (1975) axiomatiza-
tion in the classical case. Only the aforementioned new property IIC is employed in
addition. Section 5 shows by means of examples that each of the axioms except IIC
is logically independent of the remaining axioms. Peleg (1986) defines and axioma-
tizes the prekernel for games with coalition structures. In a completely analogous way
we define and axiomatize the prekernel for games with communication structures in
Sect. 6. Finally, in Sect. 7 it turns out that both concepts, the prenucleolus and the
prekernel, for games with communication structures may easily be extended to games
with conference structures.

2 Notation, definitions, and preliminaries

LetU, |U| > 3, beaset, the universe of players, containing, without loss of generality,
1,...,k whenever |U| > k. A coalition is a finite nonempty subset of U. Let N be a
coalition, X € RV, let D be a finite nonempty set, let 7 : X — R, and d := |D|.
Define 0 : X — R? by

6;(x) = max minh;(x) forallx € Xandallt =1,...,d,
TCD,|T|=t ieT

that is, for any x € X, 6(x) is the vector, whose components are the numbers /; (x),
i € D, arranged in non-increasing order. Let >/, denote the lexicographical order of
R4, The nucleolus of h with respect to (w.r.t.) X, N'(h, X), is defined by

N, X) ={x € X | 0(y) >ex 0(x) forall y € X}.

Remark 2.1 Justman (1977) proved the following statements.

(1) If X is nonempty and compact and if all h;,i € D, are continuous, then
N(h, X) # 0.

(2) If X is convex and all i;, i € D, are convex, then A/ (k, X) is convex and /; (x) =
hi(y) foralli € Dandall x, y € N'(h, X).

@ Springer



288 A. Khmelnitskaya, P. Sudholter

A (cooperative TU) game is a pair (N, v) such that N is a coalition and v : 2V
R, v(®¥) = 0. Let N be a coalition. A coalition structure for N is a partition of N. A
game with coalition structure (Aumann and Dréze 1974) is a triple (N, v, R) such that
(N, v) is a game and R is a coalition structure for N. We identify a game (N, v) with
the game with coalition structure (N, v, {N}). The subgame on a coalition # S C N
is denoted by (S, v). For any game with coalition structure (N, v, R) let

X*(N,v,R) = {x eRY | x(R) < v(R) forall R € R} and

X(N,v,R) = {x € RY | x(R) = v(R) forall R ¢ R}

denote the set of feasible and Pareto efficient feasible payoffs (preimputations), respec-
tively. We use x(S) = > ;cgXi (x(¥) = 0) forevery S € 2N and every x € RV as a
convention. Additionally, xg denotes the restriction of x to S, i.e., xg = (x;);es, and
we write x = (xg, xy\s). Forx € RN and S € N lete(S, x, v) = v(S) —x(S) denote
the excess of S at x w.r.t. (N, v). Let S € 2V such that {i} € S foralli € N. The
nucleolus of the game (N, v) w.rt. X C RY and S, denoted by N(N, v, X, S), is the
set N'(h, X) where h = (e(S, -, v)) ses.

By Remark 2.1, N(N, v, X, S) is a singleton whenever X is nonempty, com-
pact, and convex. The prenucleolus of a game with coalition structure (N, v, R)
w.rt. S, denoted by N(N, v, R, S), is the set N(N, v, X*(N, v, R), S). Now, let
z€ X*(N,v,R), u = maxgese(S,z,v),and X = {x € X*(N,v,R) | e(S, x,v) <
w for all S € S}. Then X is nonempty, compact, and convex so that N'(N, v, X, S)
is a singleton. Clearly, N (N, v, X, S) = N(N, v, X*(N, v, R),S) so that this set
is a singleton whose unique element, denoted by v(N, v, R, S), is the prenucleolus
(point) of (N, v, R) w.r.t. S.

A graph is a pair (N, g), where N is a coalition, called the set of vertices, and g is
a set of 2-element subsets of N. An element of g is called link. Let ¥ = S € N and
i, j € S. The vertices i and j are connected in S by g if i = j or there exists a path
in S that connects i and j, that is, if there exist £ € N and ky, ..., k¢ € S such that
i =ky, j=ke and {k;, k;1} € gforallt e Nwith 1 <t < £. Let S/g denote the
set of components of § w.r.t. g, that is,

S/g=1{{i € S|iandjareconnectedin Sby g} | j € S}.

We say that S is connected by g if |S/g| = 1. Moreover, let Sy _, denote the set of
all coalitions in N that are connected by g, that is,

Sng = [S € 2M\{#} | S is connected by g} : (2.1)

A game with communication structure is a triple (N, v, g) such that (N, v) is a
game and (N, g) is a graph. Games with communication structures and the related
definitions of the foregoing paragraph are due to Myerson (1977).

In a game with communication structure (N, v, g) a non-connected coalition §
cannot form. Hence one might ex ante exclude S from the domain of the coalition
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The prenucleolus and the prekernel for games 289

function v. We adopt, however, Myerson’s model and do not exclude S from the
domain of v. In fact, v(S) is regarded as “virtual worth” of §.

Now we are ready to define the prenucleolus of a game with communication struc-
ture.

Definition 2.2 Let (N, v, g) be a game with communication structure. The prenucle-
olus of (N, v, g), denoted by N'(N, v, g), is the set N' (N, v, X*(N, v, N/g), Sn ).
The unique element of A'(N, v, g) is denoted by v(N, v, g) and is called prenucleolus
(point) of (N, v, g).

Note that for classical games Schmeidler (1969) introduced the nucleolus, the indi-
vidually rational modification of the prenucleolus.

Let (N, v, g) be a game with communication structure, ¥ # S € N, and x € RV,
In order to define the “reduced game with communication structure” w.r.t. § and x, we
first recall the definition of the “reduced graph” introduced by Albizuri and Zarzuelo
(2009). The reduced graph w.r.t S is the graph (S, g%) defined by

gS ={{i,j} € S|i# jandi and j are connected in {i, j} U N\S by g}. (2.2)

Hence, two players of S are linked in g3 if they are either linked already in g or if
there is a path in g via players outside S connecting them.

Remark 2.3 Let (N, v, g) be a game with communication structure, x = v(N, v, g),
and R € N/g. Then v(R, v, gR) = Xg.

Now we are ready to defined the reduced game of a game with communication
structure.

Definition 2.4 Let (N, v, g) be a game with communication structure, ¥ # S C N,
andx € RY. The reduced game with communication structure of (N, v, g) w.r.t. S and
x is the game with communication structure (S , vg -~ gS ) whose coalition function,
for) #T C S, is defined by

v(R) — x(R\T), if T=SNRforsome R e N/g,
vy (1) = { maxgc s, 7Ugesy,, V(T U Q) = x(Q), if T € Sg 5. T ¢ §/85  (2.3)
maxgcn\s (T U Q) — x(Q), otherwise.

The definition of the reduced game with communication structure is similar to the
definition of the Davis and Maschler (1965) reduced game with coalition structure as
given by Peleg and Sudhélter (2007, Definition 3.8.8): If R is a coalition structure for
N,then RS ={RN S| RNS # @, R € R} and the coalition function of the reduced

game (N, vf-c:x, ’RS) is defined, for @ # T C S, by

v(R) — x(R\T), if T =SNRforsome R € R,

maxgcy\s V(T'U Q) —x(Q), otherwise. 2.4)

v N(T) = [

In order to interpret (2.3), we compare it with (2.4) for R = N/g. In a game
with coalition structure each of the coalitions in R may distribute its worth among
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290 A. Khmelnitskaya, P. Sudholter

its members. However, cooperation in any other coalition is still possible. Now, in
the reduced game the players of S play their reduced game assuming that the players
in N\S§ are ready to cooperate. In a game with communication structure only the
members of a connected coalition may cooperate—as mentioned earlier, the worth of
a non-connected coalition is regarded as virtual worth. Hence, in the reduced game
the worth of any disconnected coalition is still virtual (there is no need to change the
definition), whereas the members of any coalition 7 that may be connected with the
help of playersin Q € N\S (i.e., T U Q is connected by g) may in fact cooperate with
the members of Q, thereby receiving v(7 U Q). This difference in the interpretations
is reflected by the difference of the definitions of the reduced games.

3 Kohlberg’s characterization

This section is devoted to present a suitable modification of Kohlberg’s (1971) char-
acterization of the prenucleolus of games with coalition structures by balanced col-
lections of coalitions.

First, we recall his characterization: Let (N, v, R) be a game with coalition struc-
ture. Denote by v(N, v, R) the prenucleolus of this game, i.e., the unique element of
N(N,v, X*(N,v,R), 2N). For every x € RN and any o € R denote

D(a, x,v) = {S e 2N | e(S, x,v) > a}.

Moreover, B C 2% is called balanced (over N) if there are 85 > 0, S € B, such
that > ¢ 85x5 = xV, where forany T € N, x7 is the indicator vector of T, i.c.,
xT € RV isdefined by x/ = 1ifi € T and x/ = 0ifi € N\T.

The following remark is an immediate generalization of Kohlberg’s characterization
of the nucleolus. For an explicit proof see Peleg and Sudholter (2007, Theorems 5.2.6
and 6.4.1).

Remark 3.1 Let (N, v, R) be a game with coalition structure and x € X (N, v, R).
Then the following statements are equivalent:

(I) x =v(N,v,R).

(2) For all @ € R the following property is satisfied: If y € R satisfies y(R) = 0
for all R € R and y(S) > O for all § € D(«, x, v), then y(S) = 0 for all
S € D(a, x, v).

(3) For all ¢ € R, the set D(«, x, v) U R is balanced.

Now, the foregoing characterization of the prenucleolus of a game with coalition
structure is modified. Let (N, v, g) be a game with communication structure. For every
x € R and any o € R denote

D(o,x,v,8) = {S €SnglelS, x,v)> a}.

Proposition 3.2 Let (N, v, g) be a game with communication structure and x €
X (N, v, N/g). Then the following statements are equivalent:
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The prenucleolus and the prekernel for games 291

(1) x =v(N,v,g).

(2) Forall a € R the following property is satisfied: If y € RY satisfies y(R) = 0
forall R € N/g, and y(S) > 0 forall S € D(a, x, v, g), then y(S) = 0 for all
S e Do, x,v, Q).

(3) Forall @ € R, the set D(«, x, v, g) U N/g is balanced.

The proof of Proposition 3.2 is similar to the proof of the equivalence of the state-
ments (1)-(3) in Remark 3.1 and, hence, it is omitted.

In view of Remark 2.3, the statements (2) and (3) of Proposition 3.2 may be refor-
mulated as follows. For any R € N/g,

(2°) Foralla € R the following property is satisfied: If y € RX satisfies y(R) = 0 and
y(S) > Oforall S € D(a, xg, v, g¥), then y(S) = Oforall S € D(«, xg, v, g¥).
(3’) For all @ € R the set D(«, xg, v, gR) U {R} is balanced over R.

Here the function v in D(«, xg, v, gR ) is the coalition function of the subgame (R, v)
of (N, v).

Let AG™ and A?}t be the sets of games with communication structures and of
games with coalition structures, respectively, and let N be a coalition. To any coali-
tion structure R for N we may assign its associated graph ¢ = G(R) defined by
g=1{{i.j}1i,j € R,i # j, forsome R € R}. Thus, to any game with coalition
structure, (N, v, R), we may assign its associated game with communication structure,
(N, v, G(R)). We conclude that

AQt < ASP™ defined by (N, v, R) = (N, v, G(R))

is an embedding and we write “Af}t C A
The following example shows that there is (N, v, R) € A%}t such that v(N, v, R)
does not coincide with v(N, v, G(R)).

Example 3.3 Let N = {1,2,3}, R = {{1,2},{3}}, and (N, v) be defined by
v({1,3}) = 2 and v(S) = 0 for all S € 2V\{{1, 3}}. We may easily conclude from
Proposition 3.2(3) that v(N, v, G(R)) = (0, 0, 0). Indeed, as {1, 3} is not connected,
all connected coalitions have the excess of 0. Let x = v(N, v, R). As x is a preimpu-
tation, x = (¢, —t, 0) for some ¢ € R. By (3) of Remark 3.1, # = 1 so that

v(N,v,G(R)) =(0,0,0) £ (1, —1,0) = v(N, v, R).
Remark 3.4 Nevertheless, there is the following relation between the prenucleoli

of games with communication structures and games with coalition structures. Let
(N,v,R) € A$. Define (N, w) by

w(S) = Z v(SNR) forallS C N. 3.1
ReR
Then
v(N,w,R)=v(N,v,G(R)). (3.2)
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292 A. Khmelnitskaya, P. Sudholter

In order to show (3.2), we apply the well-known reduced game property for the
prenucleolus of games with coalition structures:

If (N, v, R) €A, x =v(N, v, R), and #£SCN, then xs=v(S, v5*, RS). (3.3)
U R

Indeed, let R € R and x = v(N,w, R). By (3.3), xg = v(R, w%x). Now,
w%x(R) = v(R) and, for any ¥ # S & R, w%x(S) = v(S) + ¢, where ¢ =

maxpcy\r w(Q) — x(Q). Hence, for any o € R, D(a + ¢, xg, w%x) U{®, R} =
D(a, xg, v) U {@, R} so that the proof is finished by Remarks 3.1(3) and 2.3.

4 Characterization of the prenucleolus for games with communication
structures

Let A € AG™. A solution on A is a function o which associates withany (N, v, g) €
A asubset o (N, v, g) of X*(N, v, N/g). A solution o on A satisfies

(1) efficiency (EFF) if (N, v, g) € X(N, v, N/g) for every game (N, v, g) € A;

(2) covariance under strategic equivalence (COV) if the following condition is satis-
fied for all (N, v, g)and all (N, w, g) € A:lfa > 0,8 € RN, and w = av + B,
then o (N, w, g) = oo (N, v, g) + B;

(3) anonymity (AN) if the following condition is satisfied: If (N, v,g) € A, 7w :
N — U is an injection, and if (w(N), mv, wg) € A, then o (n(N),nv, wg) =
w(o(N, v, g)), where (mv)(7(S)) = v(S) forall S C N, ng = {{w (@), w(j)} |
{i,j} € g, and w(x) = y € R™™) is defined by yr () = x; for all x € RY and
alli € N;

(4) singlevaluedness (SIVA) if [o(N, v, g)| = 1 forall (N, v, g) € A;

(5) the reduced game property (RGP“™) if the following condition is satisfied for
all (N,v,g) e A:Ifx e o(N,v,g)and ¥ # S C N, then (S, vg’x, gs) € A and
xs € o (S, vg’x, g%).

We recall that a solution o on aset A C Afjh satisfies the reduced game property in
the sense of Davis and Maschler (RGPY) if it satisfies the property that differs from
RGP“™™ only inasmuch as g is replaced by R in the displayed part of (5) wherever it
occurs [cf. (3.3)].

Remark 4.1 The prenucleolus on A%}‘ is the unique solution that satisfies COV, AN,
SIVA, and RGP, provided that [U| = oo. Sobolev (1975) proved this famous
result for the restricted set of games “without coalition structures”, that is, for
'y = {(N,v,R) € A‘f}t | R = {N}}, but his proof may easily be extended to
A [see Peleg and Sudhslter (2007)].

Lemma 4.2 The prenucleolus on A‘i/mm satisfies COV, AN, SIVA, and RGP“™™,

Proof COV, AN, and SIVA are immediate. In order to show RGP“™™ let (N, v, g) €
AT™, W #SC N, x=v(N,v,8), w= vg’x, R €S/¢5% a e R, and ygr € RR
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The prenucleolus and the prekernel for games 293

such that y(R") = 0 and y(T) > O forall T € D(«, xp/, w, gR/). Let R € N/g such
that R” = RN S. Then

{T AR | T eDxg, v, g5, 0£TNR # R’]:D (a,er, w,gR/) \{Q), R’}.
“.1)

Let yr = (yr', Og\r). Then yg € RR, y(R) = 0, and, by (4.1), y(T) > 0 for all
T € D(a, xg, v, g%). By (2) of Proposition 3.2, y(T) = Oforall T € D(a, xg, v, g%).
Therefore y(T) = 0 forall T € D(«, xg/, w, g%) and Proposition 3.2 completes the
proof. O

Lemma 4.3 If o is a solution on A7™™ that satisfies COV, SIVA, and RGP“™", then
o satisfies EFF.

The proof of Lemma 4.3 is similar as in the classical case [where A7™™ is replaced
by AS and RGP®™™ is replaced by RGP, see, e.g., Peleg and Sudhélter (2007,
Lemma 6.2.11)] and, hence, it is skipped.

In order to modify Sobolev’s ingenious characterization proof of the prenucleolus
also to games with communication structures, we now introduce one new additional
property. This property first requires that the solution to a game is determined by the
restriction of the coalition function to the connected coalitions. Secondly, this property
requires that the solution to a game whose communication structure is connected
coincides with the solution to the game with unrestricted cooperation in which the
virtual worth of each formerly disconnected coalition is replaced by some small “real”
worth. The formal definition of this property is as follows. For (N, v, g) € Aj™ and

B € Rlet Alﬁi/,v‘g denote the set of all (N, w, G(N/g)) € A{™ that satisty, for all
#+£SCN,

w(S) =v(S) forall S € Sy and w(S) < B, otherwise.

Definition 4.4 A solution o on A{"™ satisfies independence of irrelevant connections
(IIC) if for any (N, v, g) € A" and any x € o(N, v, g) there exists B € R such

that x € o(N, w, G(N/g)) forall (N.w, G(N/g)) € A%, ..

Thus, IIC requires from o that, if two games with communication structures
(N,v,g) and (N, v, g) coincide on all connected coalitions, then o (N, v, g) =
o (N, V', g). Moreover, if (N, g) is connected, then each element of the solution to the
game belongs to the solution to the game with unrestricted cooperation provided that
the worth of each formerly disconnected coalition is small enough. An interpretation
of this property is as follows. In our model, a disconnected coalition S is not allowed
or able to form. But instead of prohibiting S to form we may prevent S from forming
by charging S sufficiently if it forms nevertheless. Le., if we charge S a sufficiently
large “fee” for forming, then it may be expected that the members of S decide not to
form the coalition so that the new connectedness of S becomes irrelevant. Formally
this charging of a fee is modeled by replacing the former virtual worth of S by a suffi-
ciently small “real” worth of S. Hence, S does not form in any case so that both cases
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(where S is not allowed to form or where S has a sufficiently small worth so that it
does not form and its connectedness becomes, hence, irrelevant) may be regarded as
similar. A solution that satisfies IIC takes care of this similarity: If a proposal belongs
to the solution to the game with communication structure, then it also belongs to the
solution to any of the corresponding games with unrestricted cooperation provided
that the formerly disconnected coalitions are sufficiently charged for the right to form;
i.e., if the connectedness of § is irrelevant.

Lemma 4.5 The prenucleolus on A7™ satisfies 11C.
Proof Let (N, v, g) € A™, x =v(N, v, g),

B < min e(S, x,v)+ min x(S), “4.2)
SCN

€ON.¢

and (N, w) satisfy w(S) = v(S) forall coalitions that are connected by gand w(S) < 8
for all non-connected coalitions. Let

y = ngin e(S, x,v). “4.3)

Se N.g

Then e(S, x, w) > y forall § € Sy, U{#} and e(T, x, w) < y forall other T e 2N,
Hence, for any o« > y, D(a, x, w) = D(«, x, v, g) so that, by Proposition 3.2(3),
D(a, x, w) U N/g is balanced. Moreover, all singletons are connected by definition
so that, for any T € N, xr is in the linear span of {xs | S € D(y, x, w)}. It is
straightforward to show [see, e.g., Peleg and Sudholter (2007, Lemma 6.1.2)] that
{T}UD(y, x, w) is balanced. We conclude that D(«, x, w) U N /g is balanced for any
a € R so that the proof is finished by (3) of Remark 3.1. O
Now we are able to prove the main result of this section.

Theorem 4.6 Let |U| be infinite. Then there is a unique solution o on AF™ that
satisfies COV, AN, SIVA,RGP™™, and 1IC, and it is the prenucleolus.

Proof By Lemmas 4.2 and 4.5 the prenucleolus satisfies the desired properties. Thus,
it remains to prove the uniqueness part. Let o be a solution on A7™ that satisfies
COV, AN, SIVA, RGP“™ and IIC, let (N, v, g) € Azmm and x = v(N,v,g). It
remains to prove that o (N, v, g) = {x}. By COV, we may assume that x = 0 € RN,
By IIC, we may assume that g is component-complete, i.e., g = G(N/g). By RGP*™™
we may assume that |[N/g| = 1. Let R = N/g and (N, w) be defined by (3.1). As
N/g = {N}, w = v. By Remark 2.3, v(N, v, g) = v(N,v,R) = v(N, w). Now,
according to Sobolev (1975) there is a game (M, u) with the following properties [see
Peleg and Sudholter (2007, Section 6.3) for an English version of Sobolev’s proof]:
(1) (M, u) is transitive, i.e., the symmetry group of (M, u) is transitive.

2) NS M, uM)=0.

(3) Withy =0 € RM, 4V = ufy} = v.

By SIVA, 6(M, u, G({M})) = {z} for some z € R¥. By AN and the transitivity
of the symmetry group of (M, u, G({M})), z; = z; foralli, j € M. By Lemma 4.3,
2(M) = u(M) =0, hence z = y. As G({M})N = G({N}) is complete, RGP°™™ and
SIVA yield {yn} = o (N, v, g). O
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5 On the logical independence of the axioms

This section serves to show that each of the first four axioms in Theorem 4.6 is logically
independent of the remaining axioms and that this theorem is no longer valid if the
infinity assumption on the cardinality of U is deleted. For each k = 1,...,5, we
construct a solution ¥ that exclusively violates the kth axiom.

The “equal split solution” o'! that assigns to each (N, v, g) € A the unique

element x € RY defined by x; = % for alli € R € N/g satisfies AN, SIVA,
RGP™™ and IIC, but does not coincide with the prenucleolus, hence violates COV.

We now construct an example of a solution that satisfies SIVA, COV, RGP*™™,
and IIC, but violates AN. For this purpose we use the notation 74 = max{0, #} for
any ¢ € R and define, for any (N, v, g) € A%,mm (see Sect. 2 for the definition of the

general nucleolus),
C+(N,v,8) = N((e(S, -, v)+)seSy,» X (N, v, N/g)). (5.1

That is, with x =v(N, v, g) wehave y € C{ (N, v, g) iff y eRN and e(S, Y, V)=
e(S, x, v) 4 for all coalitions S that are connected by g. Applied to a game (N, v), this
solution, i.e., C+ (N, v) =C4+(N, v, G({N})), is called the positive core (Orshan and
Sudhélter 2010) of (N, v). As singletons are connected, C (N, v, g) is a nonempty
compact convex polyhedral set. Select any total order > of U and define

o%(N, v, g)={xeCyi(N,v,2) | x =jex yforally € CL-(N, v, g)},

where >/, is the lexicographic order on RY induced by >, i.e., if x, y € R, then
X >jex Y is defined by the requirement that, if y; > x; for some i € N, then there
exists j € N with x; > y; and j > i. Clearly o2 satisfies COV and SIVA, and it is
straightforward to verify IIC. The proof of RGP“™™ is a straightforward generalization
of the proof in the classical case [see, e.g., Peleg and Sudholter (2007, Lemma 6.3.15)],
and hence, it is skipped.

The positive core o> = C. satisfies all axioms except SIVA.

In order to give an example of a solution o* that satisfies COV, AN, SIVA, and IIC,
but violates RGP™™, we generalize a well-known solution concept for TU games
(Driessen and Funaki (1991) called it the center of the imputation set) to TU games
with communication structures. For (N, v, g) € Ay™ let o*(N,v,g) = {x} be
defined by the requirement that x € R¥ is given by

v(R) — ZjeR v({j}
IR|

xi =v({i}) + foralli e RandallR € N/g.

Clearly, o* satisfies COV, AN and SIVA. As w({i}) = v({i}) and w(R) = v(R)

foralli € R € N/g forall (N,w,N,G(N/g)) € A’;’U’g, it also satisfies and IIC.

Three-person examples show that o*(N, v, g) may not coincide with v(N, v, g) so
that o* violates RGP*™™,

@ Springer



296 A. Khmelnitskaya, P. Sudholter

For completeness reasons, it should be remarked that Theorem 4.6 is no longer valid
if the infinity assumption of U is deleted. Indeed, if 4 < |U| < oo, then the example
o defined by Peleg and Sudhélter (2007, Remark 6.3.3) may easily be extended to
as solution on A7™™ that satisfies all five axioms but does not coincide with the
prenucleolus on games with communication structures.

Finally, it should be noted that it is not known if IIC is logically independent of the
remaining axioms in Theorem 4.6.

6 The prekernel

The prekernel introduced by Maschler et al. (1972) [see also Davis and Maschler
(1965)] may also be generalized to games with communication structures. For
(N,v,g) € Ai,mm, k,t €e N,k #¢,andx € RN let sk (x, v, g) denote the maximum
surplus of k over £ at x, i.e.,

Ske(x, v, g) = max {e(S,x, v) | SeSng. keSF 6}.
Then the prekernel of (N, v, g) is the set

PK(N,v,g) ={x € X(N,v,N/g) | ske(x,v,8) =se(N, v, g)
forallk,{ € R e N/g, k # £}.

Remark 6.1 By literally copying the proof for games with coalition structures [see
Peleg and Sudholter (2007, Theorem 5.1.17)] it may be shown that v(N, v, g) €
PI(N, v, g) for any game with communication structure (N, v, g). Moreover, simi-
larly to the classical context it may be shown that P satisfies COV, AN, and RGP™™,

Proposition 6.2 The prekernel on the set of games with communication structures
satisfies IIC.

Proof Let (N,v,g) € AF™, and x € PK(N, v, g). Let B satisfy (4.2), let y be

defined by (4.3), and let (N, w, G(N/g)) € Aﬁ,,v’g so that e(S,x, w) > y for
all coalitions S that are connected by g and e(7,x, w) < y for all other coali-
tions. Note that N/g = N/G(N/g). Hence, for any k,{ € R € N/g with
k # £, sge(x, w, G(N/g)) can only be attained by a connected coalition so that

ske(x, w, G(N/g)) = sge(x, v, g). Thus, x € PK(N, w, G(N/g)). O

Let (N,v,g) € Aj™ and k,£ € N. We say that k and £ are substitutes w.r.t.
(N,v, g if, forall § € N\{k, £}, (@ v(SU{k}) = v(SU{£}) and (b) SU{k} € Sy ¢
if and only if S U {¢} € Sy_,. Note that (b) is equivalent to the requirement that, for
any j € N\{k, ¢}, {j,k} € gifandonlyif {j, ¢} € g.

We may now adjust Peleg’s (1986) axiomatization of the prekernel on games with
coalition structures to games with communications structures. To this end let o be a
solution on A{™. Then o satisfies

(1) non-emptiness (NE) if o (N, v, g) # @ forall (N, v, g) € A7™;
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(2) the restricted equal treatment property (RETP) if, for any (N, v, g) € A7 and
any substitutes k, £ € N w.r.t. (N, v, g), xy = x¢ forallx € (N, v, g);

(3) the converse reduced game property (CRGP™) if the following condition
holds for any (N,v,g) € Ay™ with [N| > 2: If x € X(N,v,N/g) and
xs € o(S, vg’x,gs) for all S € R with |S|] = 2 for all R € N/g, then
x€o(N,v,g).

The proof of the following theorem is similar to Peleg’s proof so that it is skipped.

Theorem 6.3 There is a unique solution on A7 that satisfies NE, EFF, COV, RETP,
RGP“™, and CRGP*™™, and it is the prekernel.

As in the classical case, each of the employed axioms in Theorem 6.3 is logically
independent of the remaining axioms, provided |U| > 4. Indeed, the empty solution
exclusively violates NE, the “non-efficient prekernel” (defined by

(N.v,g) = {x € X*(N,v,N/g) | se(x, v, 8) =su(N, v, g)
forallk,l e Re N/g, k # £})

exclusively violates EFF, the equal split solution o' exclusively violates COV, and
the “preimputation solution” (defined by (N, v, g) — X (N, v, N/g)) exclusively
violates RETP.

Note that, forany (N, v, g) € A%}nm with |R| < 2forallR € N/g, PK(N, v, g) =
{v(N, v, g)}. We say that a solution o is a standard solutiono (N, v, g) = {v(N, v, g)}
for any game with communication structure that satisfies |[R| < 2 forall R € N/g.
Note that the Myerson value, defined by M(N, v, g) = {¢ (N, v/g)} where ¢ denotes
the Shapley value in the sense of Shapley (1953) and

W/9)(S) = D v, (6.1)

TeS/g

is a standard solution as well as the solution defined by (N, v, g) — {v(N,v/g, N/g)}.
Already for games with | R| = 3 for some connected component, v(N, v, g) may differ
from v(N, v/g, N/g) as the following example shows. Let N = {1, 2, 3}, (N, v) be
defined by v(S) = 6forall@d # S € N,andlet g = {{1, 2}, {2, 3}}. Then N/g = {N}
and S = {l1, 3} is the unique non-connected coalition so that (v/g)(S) = 12 and
(v/g)(T) = v(T) forall T € 2N\{S}. It is straightforward to verify that

V(N,v,8) =(2,2,2) #(3,0,3) =v(N,v/g) =v(N,v/g,N/g).

Clearly, both aforementioned standard solutions (i.e., M and (N,v,g) +—
{v(N,v/g, N/g)}) satisfy EFF, RETP, and COV. Hence, the union of the preker-
nel with any other standard solution that satisfies EFF, RETP, and COV, exclu-
sively violates RGP™™, e.g., the solution defined by (N, g, v) — PIK(N, v, g) U
{v(N,v/g.N/g)}.

Finally, the prenucleolus exclusively violates CRGP™™.
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7 Extension to games with conference structures

According to Myerson (1980) a conference structure is a pair (N, Q) where N is a
coalition and Q C 2V satisfies |R| > 2 for all R € Q. A game with conference
structure is a triple (N, v, Q) such that (N, v) is a game and (N, Q) is a conference
structure. Let A%“f denote the set of games with conference structures. According to
Myerson (1980, p. 178) “complete cooperation within the coalition S is reflected
by {{i,j} | i,j € S,i # j} = g for a graphical communication structure and by
{T € S| |T| = 2} = Q for a conference structure. So we identify a graph g with
the conference structure of all coalitions that contain at least two elements and are
connected by g. This identification is in contrast to that of Albizuri and Zarzuelo (2009)
who identify any graph (N, g) with the conference structure (N, Q) definedby Q = g.

Thus, if (N, g) is a communication structure, then the conference structure corre-
sponding to (N, g), (N, Q(g)), is defined by

Q(g) ={S € N ||S| = 2and S is connected by g} . (7.1)

Hence, “A7™ C A%}‘f” throughout means the embedding
A s AP defined by (N, v, &) - (N, v, 0(g)).

Let (N, v, Q) be a game with conference structure. We adopt the notion of con-
nectedness from the aforementioned articles: Let S € N. The elements i, j € § are
connected in S by Q if there exits Sy, ..., 8¢ € Q suchthati € §1,j € §,S5; € §
forall j =1,...,¢,and §; N S,y # P forallt = 1,...,¢ — 1. Moreover, S/Q
denotes the components of S w.r.t. Q, and a coalition § that has only one component
is called connected. Furthermore, Sy ¢ denotes the set of all coalitions in N that are
connected by Q.

A solution on A C Afjnf is a function o which associates with any (N, v, Q) € A
a subset o (N, v, Q) of X*(N, v, N/Q). EFFE, COV, AN, SIVA are defined similarly
as in Sect. 4; just “graph (N, g)” has to be replaced by “conference structure (N, Q).

In order to define RGP, we adopt the definition of the reduced conference
structure of Albizuri and Zarzuelo (2009). Let (N, Q) be a conference structure and
@ # S C N. Then the reduced conference structure (S, Q%) is defined by

l
Qsz{SﬂUS,

t=1

ZGNan’Seerstht+l;é®

14

snlys

t=1

Note that (N, Q") may not coincide with (N, Q). Indeed, Q" contains Q and all
coalitions in N that are connected by Q and contain at least two elements. However,
for any graph (N, ), 0(g) = Q(g)".

The coalition function of the reduced game with conference structure w.r.t. S and
x e RN, (S, vg’x, 0%), may now be defined analogously to (2.3) by replacing g with
O whenever it occurs. Now, again by replacing g with QO whenever this is needed,
RGP is defined analogously to RGP™™ and IIC is generalized in a similar way. The

forallr =1,...,¢—1,

> 2] . (7.2)
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prenucleolus of (N, v, Q), v(N, v, Q), is defined by literally copying Definition 2.2
with the exception that “g” has to be replaced by “Q” wherever it occurs.

Now it is straightforward to generalize Theorem 4.6 to games with conference
structures.

We should like to remark that there are examples of games with conference struc-
tures, (N, v, Q), such that Q¥ # Q, whereas and vg’x = v, vg’x = v‘;’f\‘,, and
gV =gforanyx e RV, (N, v, Q) € AP, ¢ £ S C N, and any graph (N, g).

It should finally be remarked that the prekernel for games with communication
structures together with Proposition 6.2 and Theorem 6.3 may be generalized to games
with conference structures.
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