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a b s t r a c t

In this note, we investigate the relationship between non-manipulability via merging (splitting) and
strong non-manipulability via merging (splitting). Our analysis reveals that while these two non-
manipulability axioms are generally not equivalent, they do coincide when the principle of solidarity
is satisfied. This principle is fulfilled by a wide range of bankruptcy rules, including parametric rules.

© 2023 Elsevier B.V. All rights reserved.
1. Introduction

Bankruptcy problems, as described by O’Neill (1982), refer to
ituations in which a group of agents collectively holds claims
n a finite and perfectly divisible resource, but the available
mount is not sufficient to fulfill all of the agents’ demands. These
roblems are solved by rules proposing an allocation vector that
akes into consideration the specifics of the agents. An important
ssue in economics is the study of rules that are invariant with
espect to merging or splitting operations, that is, to the strategic
ehavior of the agents by misrepresenting their characteristics. In
he setting of bankruptcy problems, a rule is non-manipulable via
erging if no group of agents can take advantage from consol-

dating claims and it is non-manipulable via splitting if no agent
an benefit from distributing her claim among a group of agents.
rule is non-manipulable if it is simultaneously unaffected by

these two types of misrepresentations. Non-manipulability (or
strategy-proofness) is first considered from an axiomatic perspec-
tive by O’Neill (1982) in characterizing the proportional rule in
the context of bankruptcy problems. O’Neill’s result was refined
in different ways by Chun (1988), de Frutos (1999), Ju et al.
(2007), and Calleja and Llerena (2022), among others. The impli-
cations of non-manipulability have also been explored in other
contexts, such as taxation, network problems or financial systems
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E-mail addresses: calleja@ub.edu (P. Calleja), francesc.llerena@urv.cat

F. Llerena), psu@sam.sdu.dk (P. Sudhölter).
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by Ju and Moreno-Ternero (2011), Ju (2013), and Calleja et al.
(2021), respectively.

Another important principle in the axiomatic approach of rules
is solidarity, a sort of monotonicity condition concerning how a
rule is affected by variations in the set of players and in the
endowment or resource to distribute. Specifically, it imposes that
the arrival of new agents, regardless of whether or not it is
accompanied by changes in the available amount to share, should
affect all the original agents in the same direction. Solidarity is
introduced by Chun (1999) under the name of population-and-
resource monotonicity and it is equivalent to the combination
of two well-established requirements: resource monotonicity and
consistency. Resource monotonicity says that if the amount of
resource to be distributed becomes larger, no agent should be
worse off. Consistency is an invariant principle with respect to
population variations and requires that when a group of agents
leaves with its share, then, in the reduced problem, the rule
assigns the same amount as originally to the remaining agents.

On the entire domain of bankruptcy problems, Moreno-Ternero
(2006) shows that non-manipulability is equivalent to additivity
of claims (Curiel et al., 1987), or strong non-manipulability, requir-
ing that merging or splitting the agents’ claims do not affect the
amounts received by any other agent involved in the problem.
In many situations, and due to legal or practical constraints, only
mergers or spin-offs are an option, but not both operations at the
same time. Hence, it is worthwhile to study whether or not this
reciprocity is preserved between non-manipulability via merging
(splitting) and strong non-manipulability via merging (splitting).
In this note, we show that, in general, these axioms are not
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quivalent but, under the ethical principle of solidarity, they are
antamount. This issue is particularly relevant in the context of fi-
ancial systems (as first introduced by Eisenberg and Noe, 2001),
here several firms may fail simultaneously. Even if each default-

ng firm applies a non-manipulable via merging bankruptcy rule
o settle its debts, there may still be incentives for firms to merge
their liabilities, claims, and estates or endowments) in order to
ncrease their equity value. However, if strong non-manipulable
ia merging bankruptcy rules are applied, no group of firms can
ake an advantage by merging (for more details, see Calleja et al.,
021). So, under solidarity, non-manipulability via merging is a
roperty transferred from the bankruptcy setting to the more
eneral financial systems environment.
The remainder of the paper is organized as follows: Section 2

ntroduces the model. Section 3 contains the axioms. Section 4
rovides the results and Section 5 concludes.

. The model

Let N = {1, 2, . . .} (the set of natural numbers) represent the
et of all potential agents (claimants) and let N be the collection
f all non-empty finite subsets of N. An element N ∈ N describes

a finite set of agents where |N| = n. For each x ∈ RN and T ⊆ N ,
T denotes the restriction of x to T : xT = (xi)i∈T ∈ RT .
A bankruptcy problem is a problem of adjudicating claims in

hich a firm defaults and its available resources are not enough
o satisfy its obligations with creditors.1 Formally, a bankruptcy
roblem is a triple (N, E, c) where N ∈ N represents the set of
reditors of the firm going bankrupt; c ∈ RN

+
is the vector of

laims, being ci the claim of creditor i ∈ N; and E ≥ 0 is the net
orth or estate of the firm to satisfy its obligations. Additionally,
e assume that

∑
i∈N ci ≥ E. By B we denote the set of all

ankruptcy problems.
A bankruptcy rule (hereafter, a rule) is a function β : B −→

N∈N RN that associates with every (N, E, c) ∈ B a unique
ecommendation β(N, E, c) ∈ RN satisfying

∑
i∈N βi(N, E, c) = E

budget balance (BB)), that is, the sum of all payments should be
qual to the estate, and βi(N, E, c) ≤ ci for all i ∈ N (claim
oundedness (CB)), requiring that each agent should receive at
ost her claim. Given a bankruptcy rule β , its dual βd is defined
y setting, for all (N, E, c) ∈ B and all i ∈ N , βd

i (N, E, c) =

i − βi
(
N,

∑
i∈N ci − E, c

)
. Instances of well-known rules are the

roportional rule (P), the constrained equal awards rule (CEA), and
he constrained equal losses rule (CEL). The P rule makes awards
roportional to the claims and it is probably the most commonly
sed rule in practice when a firm goes bankrupt. Formally, for all
N, E, c) ∈ B and all i ∈ N , Pi(N, E, c) = λ ci where λ ∈ R+ is such
hat

∑
j∈N λ cj = E. The CEA rule rewards equally to all claimants

ubject to no one receiving more than her claim. Formally, for
ll (N, E, c) ∈ B and all i ∈ N , CEAi(N, E, c) = min{ci, λ} where
∈ R+ is such that

∑
j∈N min{cj, λ} = E. In contrast, the CEL

ule equalizes the losses of claimants subject to no one receiving
negative amount. That is, for all (N, E, c) ∈ B and all i ∈ N ,
ELi(N, E, c) = max{ci − λ, 0} where λ ∈ R+ is such that
j∈N max{cj − λ, 0} = E. The CEA and the CEL are dual rules and

he P rule is self-dual, i.e., P = Pd. Most of the classical rules,
s P , CEA, and CEL, are members of the so-called parametric rules
Young, 1987).

. Axioms

In this section, we introduce several axioms related to bank-
uptcy rules. A considerable amount of research in this field
s dedicated to studying the strategic incentives that motivate
laimants to manipulate their claims by merging or splitting them
o achieve extra profits. To discern between these two forms of

1 Probably, the most comprehensive survey on this distributive justice
roblem is provided by Thomson (2019).
 c
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incentives, de Frutos (1999) introduces two distinct ‘‘immunity’’
axioms. A rule β on B satisfies

• non-manipulability via merging (NMM) if for all (N, E, c),
(N ′, E, c ′) ∈ B with m ∈ N ′

⊂ N such that c ′
m = cm +∑

j∈N\N ′ cj and c ′

j = cj for all j ∈ N ′
\ {m}, then

βm(N ′, E, c ′) ≤ βm(N, E, c) +

∑
j∈N\N ′

βj(N, E, c).

• non-manipulability via splitting (NMS) if for all (N, E, c),
(N ′, E, c ′) ∈ B with m ∈ N ′

⊂ N such that c ′
m = cm +∑

j∈N\N ′ cj and c ′

j = cj for all j ∈ N ′
\ {m}, then

βm(N ′, E, c ′) ≥ βm(N, E, c) +

∑
j∈N\N ′

βj(N, E, c).

The more demanding axiom of non-manipulability (NM) requires
NMM and NMS simultaneously.

While NMM stipulates that no group of claimants can take
advantage from consolidating claims; NMS, on the contrary, guar-
antees that no claimant can benefit from dividing its claim into
claims of a group of claimants. NM imposes that agents merg-
ing or splitting receive exactly the same as initially. Ju (2003)
and de Frutos (1999) study conditions under which a rule be-
comes either NMM or NMS. It is well known that the CEA rule
atisfies NMM while the CEL rule satisfies NMS. Furthermore,
he P rule satisfies both, and it has been characterized as the
unique rule satisfying NM (or equivalently, SNM) together with
the mild requirement of non-negativity (requiring awards to be
non-negative), and without imposing CB, by de Frutos (1999).2

These axioms can be, indeed, reformulated taking into account
the effects on the agents that do not misrepresent their claims.
We might require that merger of a group of agents into a single
agent or the split of an agent in a multiplicity of them, affect all
agents whose claims do not change in the same direction. We
will, indeed, impose that all these agents receive at least as much
as initially. A rule β on B satisfies

• strong non-manipulability via merging (SNMM) if for all
(N, E, c), (N ′, E, c ′) ∈ B with m ∈ N ′

⊂ N such that
c ′
m = cm +

∑
j∈N\N ′ cj and c ′

j = cj for all j ∈ N ′
\ {m}, then

βj(N ′, E, c ′) ≥ βj(N, E, c) for all j ∈ N ′
\ {m}.

• strong non-manipulability via splitting (SNMS) if for all
(N, E, c), (N ′, E, c ′) ∈ B with m ∈ N ′

⊂ N such that
c ′
m = cm +

∑
j∈N\N ′ cj and c ′

j = cj for all j ∈ N ′
\ {m}, then

βj(N ′, E, c ′) ≤ βj(N, E, c) for all j ∈ N ′
\ {m}.

Curiel et al. (1987) define additivity of claims, renamed as
strong non-manipulability (SNM) by Moreno-Ternero (2006), re-
questing both SNMM and SNMS at the same time. While SNMM
and SNMS impose that each of the agents not involved in the
mergers or spin offs is not worse off, SNM enforces they are
compensated exactly as initially. Clearly, under BB, these are
stronger versions of NMM, NMS, and NM, respectively. Moreover,
as Moreno-Ternero (2006) shows, SNM and NM are equivalent
requirements.

Another important property in our analysis is solidarity, which
demands that the arrival of new agents affects all the original

2 Ju et al. (2007) employ the weaker axioms of one-sided boundedness, stating
hat payoffs should be bounded from either above or below, and pairwise
on-manipulability, that entitles agents to merge or split exclusively by pairs.
ecently, Calleja and Llerena (2022) restrict the possibility to manipulate to
ymmetric agents or clones and provide new axiomatizations of the proportional
ule making use, additionally, of a standard axiom referring monotonicity or
ontinuity on claims.
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gents in the same direction: either all gain or all lose. Formally,
rule β on B satisfies

• solidarity (SOL) if for all (N, E, c), (N ′, E ′, c ′) ∈ B such that
N ′

⊆ N , if c ′
= cN ′ , either β(N ′, E ′, c ′) ≥ βN ′ (N, E, c) or

β(N ′, E ′, c ′) ≤ βN ′ (N, E, c).

Chun (1999) shows that solidarity is equivalent to the stan-
dard requirements of resource monotonicity and consistency. A rule
β on B satisfies

• resource monotonicity (RM) if for all pair (N, E, c), (N, E ′, c) ∈

B with E ′ > E, βi(N, E ′, c) ≥ βi(N, E, c) for all i ∈ N;
• consistency (CONS) if for all (N, E, c) ∈ B and all ∅ ̸= N ′

⊆ N ,
βN ′ (N, E, c) = β

(
N ′,

∑
i∈N ′ βi(N, E, c), cN ′

)
.

The former says that no one should be worse off when the
firm’s assets increase and the later requires that in the reduced
bankruptcy problem, which arises when some players leave with
their share, each of the remaining players receives the same
amount as in the original problem.

4. Results

In the following, we address the question of how significant is
the difference between NMM and NMS and their strong counter-
parts. To investigate classes of rules for which SNMM and SNMS
do not make a difference with their weak formulations, we show
that the two are actually dual axioms. Specifically, we say that
axiom A and axiom A* are dual if, whenever a rule β satisfies A
then its dual βd satisfies A*. If, moreover, A coincides with A*,
then A is self-dual. As demonstrated by de Frutos (1999), NMM
and NMS are dual to each other. In the following proposition, we
show that SNMM and SNMS are also dual axioms.

Proposition 1. SNMM and SNMS are dual to each other.

Proof. Let β be a rule satisfying SNMM and (N, E, c), (N ′, E ′, c ′) ∈

B with E = E ′ and m ∈ N ′
⊂ N such that c ′

m = cm +
∑

j∈N\N ′ cj
and c ′

j = cj for all j ∈ N ′
\ {m}. Then, by SNMM of β applied to

(N ′,
∑

i∈N ′ c ′

i − E, c ′) and (N,
∑

i∈N ci − E, c) being
∑

i∈N ′ c ′

i − E =∑
i∈N ci − E ≥ 0 it holds that, for all j ∈ N ′

\ {m}

βj(N ′,
∑

i∈N ′ c ′

i − E, c ′) ≥ βj(N,
∑

i∈N ci − E, c) ⇐⇒

c ′

j − βj(N ′,
∑

i∈N ′ c ′

i − E, c ′) ≤ cj − βj(N,
∑

i∈N ci − E, c) ⇐⇒

βd
j (N

′, E, c ′) ≤ βd
j (N, E, c),

which means that βd satisfies SNMS.
Similarly, by reversing the direction of the chain of inequali-

ties, it can be proven that if β satisfies SNMS then its dual rule
βd fulfills SNMM. □

Next, we show that non-manipulability via merging or split-
ting are not equivalent to their strong counterpart.

Proposition 2. Neither NMM implies SNMM, nor NMS implies
NMS.

roof. Since SNMM and SNMS are dual axioms (Proposition 1),
t is enough to prove that NMM does not imply SNMM. To do it,
e define the rule β by setting, for all δ = (N, E, c) ∈ B,

β(δ) =

{
P(δ) if c∗(δ) ≤ 10

CEA(δ) if c∗(δ) > 10,
(1)

where c∗(δ) = maxi∈N{ci}.

Claim 1. β does not satisfy SNMM.
 s
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Consider the bankruptcy problem δ = (N, E, c) with set of
players N = {1, 2, 3, 4}, estate E = 12, and vector of claims
c = (10, 6, 5, 3). Now, let δ′

= (N ′, E, c ′) with N ′
= {1, 2, 4}

where agents 2 and 3 have merged into agent 2, and the vector
of claims is c ′

= (10, 11, 3). Since c∗(δ) = 10, then β(δ) =

P(δ) = (5, 3, 2.5, 1.5). On the other hand, since c∗(δ′) = 11,
β(δ′) = CEA(δ′) = (4.5, 4.5, 3). Hence, β1(δ′) = 4.5 < 5 = β1(δ),
and β does not satisfy SNMM.

Claim 2. β satisfies NMM.

Let δ = (N, E, c) and δ′
= (N ′, E, c ′) be two bankruptcy

problems such that N ′
⊂ N and there is m ∈ N ′ with c ′

m =

cm +
∑

j∈N\N ′ cj and c ′

j = cj, for all j ∈ N ′
\ {m}. Observe that

c∗(δ′) ≥ c∗(δ). Thus, we consider the following cases:

Case 1: 10 ≥ c∗(δ′) ≥ c∗(δ).
Then, by the NMM of the proportional rule it follows
directly the NMM of β .

Case 2: c∗(δ′) ≥ c∗(δ) > 10.
Then, by the NMM of the constrained equal awards rule
it follows directly the NMM of β .

Case 3: c∗(δ′) > 10 ≥ c∗(δ).
In this situation, β(δ′) = CEA(δ′) and β(δ) = P(δ). From
c∗(δ′) > c∗(δ′) and ci = c ′

i , for all i ∈ N ′
\ {m}, it follows

that c∗(δ′) = c ′
m. We now show by contradiction that

CEAm(δ′) ≤ Pm(δ′). (2)

If not, CEAm(δ′) = min{c ′
m, λ} > Pm(δ′) =

E∑
i∈N′ c′i

c ′
m

where λ is such that
∑

i∈N ′ min{c ′

i , λ} = E. In case
min{c ′

m, λ} = c ′
m, due to c ′

m is the highest claim in
δ′, clearly, for all i ∈ N ′ we have CEAi(δ′) = c ′

i and,
consequently, E =

∑
i∈N ′ c ′

i which implies Pm(δ′) = c ′
m.

Hence, min{c ′
m, λ} = λ and∑

i∈N ′\{m}
CEAi(δ′) =

∑
i∈N ′\{m}

min{c ′

i , λ}

≥
∑

i∈N ′\{m}
min

{
c ′

i ,
E∑

i∈N′ c′i
c ′
m

}
≥

∑
i∈N ′\{m}

min
{
c ′

i ,
E∑

i∈N′ c′i
c ′

i

}
=

∑
i∈N ′\{m}

E∑
i∈N′ c′i

c ′

i

=
∑

i∈N ′\{m}
Pi(δ′).

But then, by BB, E =
∑

i∈N ′ CEAi(δ′) >
∑

i∈N ′ Pi(δ′) = E
getting a contradiction.
Hence,

βm(δ′) = CEAm(δ′)
≤
(2)

Pm(δ′)

= Pm(δ) +
∑

i∈N\N ′ Pi(δ)
= βm(δ) +

∑
i∈N\N ′ βi(δ),

where the last but one equality comes from the NM
of the proportional rule. This shows that β satisfies
NMM. □

Note that the bankruptcy rule employed in the proof of
roposition 2 (defined in (1)) inherits resource monotonicity
rom the resource monotonicity of both the proportional and the
onstrained equal awards rules. However, it can be easily shown
hat it fails to satisfy consistency. In the following, we prove that
olidarity is crucial in order to establish the equivalence of NMM
nd NMS with their strong counterparts.

heorem 1. Let β be a bankruptcy rule satisfying SOL. Then, β

atisfies NMM (NMS) if and only if it satisfies SNMM (SNMS).
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roof. Since NMM (SNMM) and NMS (SNMS) are dual axioms
o each other (Proposition 1), it is enough to see that, under
OL, a bankruptcy rule β satisfies NMM if and only if it satisfies
NMM. Clearly, under BB, SNMM implies NMM. To show the
everse implication, consider a bankruptcy rule β satisfying SOL
nd NMM. Let (N, E, c), (N ′, E ′, c ′) ∈ B with E = E ′ and m ∈ N ′

⊂

N such that c ′
m = cm +

∑
j∈N\N ′ cj and cj = c ′

j for all j ∈ N ′
\ {m}.

y NMM, βm(N ′, E, c ′) ≤ βm(N, E, c) +
∑

j∈N\N ′ βj(N, E, c) or,
equivalently,

E − βm(N ′, E, c ′) ≥ E −

∑
j∈{m}∪N\N ′

βj(N, E, c). (3)

From (3), and taking into account that ci = c ′

i for all i ∈ N ′
\ {m},

y SOL, which implies RM and CONS, we obtain

βi(N ′, E, c ′) =
CONS

βi

⎛⎝N ′
\ {m},

∑
i∈N ′\{m}

βi(N ′, E, c ′), c ′

N ′\{m}

⎞⎠
=
BB

βi
(
N ′

\ {m}, E − βm(N ′, E, c ′), c ′

N ′\{m}

)
≥
RM

βi

⎛⎝N ′
\ {m}, E −

∑
j∈{m}∪N\N ′

βj(N, E, c), cN ′\{m}

⎞⎠
=
BB

βi

⎛⎝N ′
\ {m},

∑
i∈N ′\{m}

βi(N, E, c), cN ′\{m}

⎞⎠
=

CONS
βi(N, E, c),

which proves SNMM of β .
Note that BB and CB ensure that the reduced problems are well

defined. □

Observe that the equivalence stated in Theorem 1 does not
impose a requirement for the rules to be non-negative, allowing
for the possibility of negative payoffs.

The well-established class of parametric rules introduced by
Young (1987) satisfies SOL. Indeed, parametric rules are charac-
terized by means of consistency, together with continuity and
symmetry. While continuity guarantees that small changes on
both the claims and the endowment do not provoke large changes
on the rule, symmetry imposes that agents with the same claim
are rewarded equally (for formal definitions, see Thomson, 2019).
These rules also satisfy RM, thereby ensuring SOL. Hence, a direct
consequence of Theorem 1 is the following.

Corollary 1. A parametric rule is NMM (NMS) if and only if it is
SNMM (SNMS).

Thus, the CEA and the CEL rules satisfy SNMM and SNMS, re-
spectively, while the P rule satisfies both axioms. Other paramet-
ric rules satisfying SNMM are the canonical constrained egalitar-
ian and Piniles’ rules (for definitions of these rules, see Thomson,
2019 ).3 Since the dual of a parametric rule is also parametric
and SNMM and SNMS are dual properties, the dual of the Piniles’
rule and the dual of the constrained egalitarian rule comply with
SNMS.

5. Final comments

In the setting of bankruptcy problems, we have shown that
non-manipulability via merging or splitting is not equivalent
to their strong counterpart. However, we have found that the
principle of solidarity can bridge this gap. This implies that for

3 To prove that these parametric rules satisfy the axioms we refer readers to
roposition 1 in Ju (2003) which characterizes the set of parametric rules that
re NMM (NMS).
64
a wide range of rules, including parametric rules (Young, 1987),
both axioms are coincident. Solidarity is equivalent to the com-
bination of resource monotonicity and consistency (Chun, 1999)
and, as we have observed, the rule introduced in the proof of
Proposition 2 satisfies the former, but not the latter. Therefore, to
test if Theorem 1 is tight, it remains open to investigate if there
are rules satisfying non-manipulability via merging (splitting)
and consistency but neither strong non-manipulability via merg-
ing (splitting) nor resource monotonicity. Although our intuition
is that it is, this is a challenging problem since most classical
bankruptcy rules exhibit resource monotonicity. Moreover, in the
presence of consistency (in fact, bilateral consistency is enough),
symmetry and resource continuity imply resource monotonicity.
Therefore, any rule that deviates from resource monotonicity
must either sacrifice symmetry or resource continuity, making
it seem ad-hoc or arbitrarily constructed. Finally, under consis-
tency (bilateral being sufficient) resource monotonicity for two-
agent problems implies resource monotonicity for any set of
claimants and, thus, these rules must fail resource monotonicity
for two-agents problems, too.4
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