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Abstract

We introduce an extension of the Mas-Colell bargaining set and construct, by an elaboration on a
voting paradox, a superadditive four-person non-transferable utility game whose extended bargaining
set is empty. It is shown that this extension constitutes an upper hemicontinuous correspondence.
We conclude that the Mas-Colell bargaining set of a non-levelled superadditive NTU game may be
empty.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Mas-Colell (1989has introduced a bargaining set, which is defined also for finite games.
In this paper we address the question of non-emptiness of the Mas-Colell bargaining set for
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superadditive NTU games. The problem is mentioned in Section\dagfColell (1989)

and inHolzman (2000)We construct a four-person majority voting game — majority voting
games are automatically superadditive — with 10 alternatives whose Mas-Colell bargaining
set is empty. In view o¥ohra (1991)we include individual rationality in the definition of

the bargaining set. However, the aforementioned result holds also in Mas-Colell’s original
model, i.e., without individual rationality.

Moreover, this voting game enables us to show the existencemohdevelled su-
peradditive NTU game whose bargaining set is empty, thereby solving an open prob-
lem raised byVohra (1991) Indeed, we introduce an extension of the bargaining set,
which is upper hemicontinuous and specifies the empty set when applied to our voting
game.

The paper is organized as follows. Sectacalls the relevant definitions and introduces
an extension of the Mas-Colell bargaining set, denotedW#*. Section3 presents the
construction of the four-person voting game and the proof of emptinedg Bf when
applied to this game. In Sectighwe first prove thatMB* is an upper hemicontinuous
correspondence. Moreover, we show that in any neighborhood of a superadditive NTU
game there exists a non-levelled superadditive NTU game. Finally, we conclude that there
exists a non-levelled superadditive four-person game whose (extended) bargaining set is
empty.

2. Preliminaries

Let N =({1,...,n}, n € N, be a set of players. F&f € N we denote byRS the set
of all real functions ors. SoR? is an|S|-dimensional Euclidean space. (Here and in the
sequel, ifD is a finite set, thenD| denotes the cardinality d.) If x e RS andT C S,
thenx” denotes the restriction afto 7. If x, y € RS, then we writex > y if x' > ' for
all i € S. Moreover, we writex > y if x > y andx # y and we writex > y if x' >y
for all i € S. DenoteRS = {x € RS | x > 0}. A setC < RS is comprehensive if € C,
y € RS, andy < x imply thaty € C. We are now ready to recall the definition of an NTU
game.

Definition 2.1. An NTU coalitional game (a game) is a pair (V, V) whereN is a set of
players andv is a function which associates with eve$yC N, S # ¢, a setV(S) C RS,
V(S) # @, such that

(1) V(S)is closed and comprehensive;
(2) V(S) N (x +RY)is bounded for every € RS,

As we are working in the model &bhra (1991)we shall restrict our attention teeakly
superadditive games.

Definition 2.2. An NTU game (V, V) is weakly superadditive if for everyi € N and every
S C N\ {i} satisfyingS # @, V(S) x V({i}) € V(S U {i}).
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In particular we shall be interested in superadditive games. A gAmE)(is superad-
ditive if for every pair of disjoint coalitionss, 7' (a coalition is a nonempty subset &j,
V(S) x V(T) S V(SUT).

We shall restrict our attention t@ro-normalized games, that is, to game#/(V) that
satisfyV({i}) = —RY (= (x e Ri [ x < O}) foralli € N.

Let (N, V) be a zero-normalized weakly superadditive gamexaadR” . We say thak
is

e individually rational if x > 0;

® Pareto optimal (with respect toV(N)) if x € V(N) and if y € V(N) andy > x imply
X = y;

e weakly Pareto optimal (with respect toV(N)) if x € V(N) and if for everyy € V(N)
there exists € N such that! > y/;

e apreimputation if x € V(N) andx is weakly Pareto optimal;

e animputation if x is an individually rational preimputation.

Note that the set of imputations of a weakly superadditive game is nondvigsyColell
(1989)has introduced the following bargaining set. Lat () be an NTU game and let
be an imputation. A pairR, y) is anobjection atx if # # P C N,y is Pareto optimal with
respect toV(P), andy > xF'. The pair Q, z) is acounter objection to the objection P, y)
if QCN,Q#%, P, if ze V(Q),and ifz > (y'"2, x2\P). An objection isjustified if it
cannot be countered.

Definition 2.3. Let (N, V) be an NTU game. Théas-Colell bargaining set of (N, V),
MDB(N, V), is the set of all imputations such that there are no justified objections
atx.

Let (N, V) be an NTU game. It should be noted that the Mas-Cepledargaining set
of (N, V) is the set of alpreimputations of (v, V) that do not have justified objections. So,
MDB(N, V) is the intersection of the Mas-Colell prebargaining set\f{) and the set of
imputations of v, V).

In view of Vohra (1991)we restrict our attention to the members/ofB(N, V) rather
than to the members of the Mas-Colell prebargaining sevo#/(). Hence we may restrict
our attention to the individually rational subsets of the $t). Indeed, let v, V) be a zero-
normalized weakly superadditive NTU game. Ba£ S € N denoteV+(S) = V(S) N Ri.
ThenV is nonempty-valued, compact-valued, and (restricted) comprehensive, that is, for
every coalitions, if x € V*(S) andy € RS, y < x, theny e V*(S). Hence, we shall call
(N, V) an NTU game as well.

Remark 2.4. |If (N, V) is a weakly superadditive zero-normalized NTU game, then
MB(N, V) = MB(N, VT).

Proof. The sets of imputations of\, V) and of (v, V*) coincide. Letc be an imputation.
Then the sets of objections.aivith respect to 4§/, V) and with respect taX, V1) coincide.
Finally, let (P, y) be an objection at. The observation that the sets of counter objections to



B. Peleg, P. Sudhélter / Journal of Mathematical Economics 41 (2005) 1060—1068 1063

(P, y) with respect to §/, V) and with respect tay, V) also coincide proves the foregoing
remark. O

Let (N, V) be a weakly superadditive zero-normalized NTU game. We say shat)
is non-levelled if

for each coalitiors every weakly Pareto optimal element

2.1
with respect td/*(S) is Pareto optimal with respect 16" (S). 2.1)

Inthis case we shall also say that is non-levelled. (Note that iohra (1991 }he foregoing
property is calledtrong comprehensiveness.)

In Section3 we shall construct an example of a superadditive game whose Mas-Colell
bargaining set is empty. However, this NTU game is not non-levelled. In order to show
that the Mas-Colell bargaining set may be empty even for a non-levelled superadditive
game, it is useful to define the following extension/ef5. Let (N, V) be an NTU game
and letx be an imputation. An objection?( y) at x is a strong objection if y > x. A
pair (Q, z) is aweak counter objection to the objection P, y)if #, P # Q € N,z € V(Q),
andz > (y©"2, x@\P). A strong objection istrongly justified if it has no weak counter
objection.

Definition 2.5. Let (N, V) be an NTU game. Thextended bargaining set of (N, V),
MB*(N, V), is the set of all imputations such that are no strongly justified strong objec-
tions atx.

Let (N, V) be an NTU game. Note tha¢!B(N, V) and MB*(N, V) remain unchanged
if we do not require in the definition of an objectioR, (y) thaty is Pareto optimal with
respect toV(P). However, the present definition of an objectid {) automatically ex-
cludes any counter objection that uses the same coalitidm the definition of weak
counter objection the objecting coalition has to be excluded explicitly, because otherwise
any objection has a weak counter objection. Hence, the requirement of Pareto optimality
in the definition of objections guarantees that counter objections are weak counter ob-
jections. In particular, the following result is an immediate consequence of the foregoing
definitions.

Remark 2.6. Let (N, V) be an NTU game. Then

MB(N, V) € MB*(N, V). (2.2)
Further, if (v, V) is weakly superadditive and zero-normalized, then
MB*(N, V) = MB*(N, V™). (2.3)

Proof. The inclusion(2.2) is implied by the facts that (a) any strong objection at an
imputationx is an objection at and that (b) any counter objection to an objection &ta

weak counter objection to that objection as well. The proof of the second assertion is similar
to the proof ofRemark 2.40nly objections have to be replaced by strong objections and
counter objections have to be replaced by weak counter objectians.
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Table 1
Preference profile
R! R? R® R*
al as as az
ar ai as asz
* * * *
az Lll a4 a3
ay c aj as
c a c b
*
b b b ay
a; a; ai as
as az ai c
* * * *
04 03 02 al
as as az ai

3. The example

Let N = {1, 2, 3, 4} be the set of players and let
A ={a1, a2, az, as, ai, a5, a3, ay, b, c}

be a set of 10 alternatives. In the corresponding strategic game the players simultaneously
announce an alternative. If there is a majority (of three or more players) for an alternative,
then that alternative is chosen. Otherwise, everybody gets 0. Let the linear preferences on
A of the playersR’, i =1, ..., 4, be specified byrable 1 Thus, for evenyi € N, R', is
a complete, transitive, and antisymmetric binary relatiomomfhese preferences will be
used to define our NTU game.

If o, B € A, a # B, thena dominates B, writtena > B, if

i e N|aR'B) = 3.
The entire domination relation is depicted inTable 2

Foreachi € N letu’ : A — R be a utility function that represent§, that is,u’(«) >
u'(B) if and only if « R B, for all o, B € A. Furthermore we assume that

minu'(c) > Ofor alli € N. (3.1)
acA

We are now able to define our NTU gamé, (V). For eachS C N, S # ¢, let

V(S)={xeRS |x <0}, if S| =12 (3.2)
Table 2
Domination relation
ai > az az > as as > aq aq > ay
ay > a3 ap > ag az > ay ag > aj

ag > ¢ c>b
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Table 3

Constructions of strong objections

u$i(a1) > u®t(az) u%2(az) > u*?(as) 1% (az) > u*3(as) u¥4(ag) > u*(az)

uSi(a1) > ui(aj) u®2(az) > u%(a3) u®3(ag) > u®(az) ut(ag) > us4(ay)
uS4(ag) > uS4(c) uSt(c) > us1(b)

v(s) RS there existe € A 15 > 3 (3.3)
= X € ) | Z ) )

such thak < u5(«)

whereu’ (o) = (u'(@))ics. As the reader may easily verifyN( V) is a zero-normalized
and superadditive NTU game. Moreover, every imputatioof (N, V) satisfiesx > 0
and

x' > u'(b) for some € N, (3.4)

among other inequalities. Indeé8l4)is satisfied, becauses weakly Pareto optimal and
uN(b) € V(N).
We shall now prove the main result of this section.

Theorem 3.1. MB*(N, V) = ¢.

Proof. Assume, on the contrary, that there exists an imputationthe setMB*(N, V).

LetS1 ={1,2,3},52={1,2,4},53 = {1, 3,4},andS; = {2, 3, 4}. Frequently used strong
objections that use some of the foregoing coalitions may be constructed with the help of
Table 3which is deduced frorTable 1(see alsdTable 2. By (3.3), x < u(«) for some

a € A. As A has 10 elements, we proceed by distinguishing the arising 10 possibilities.
First we shall consider the following case:

x < u™(ay). (3.5)

As as > a1, (Sa, uS*(as)) is a strong objection at (seeTable 3. Note thatay is the first,

that is, the most preferred, alternative of player two, the second alternative of player
three, and note thats is the first alternative of player three. So,dfe A\ {as, a4},

then

|SaN{i € N | aaR'a}| > 2.

Thus the foregoing objection can be weakly countered onlyshyy() for somey < u53(a3),
orby (7, z) forsomg T| > 3suchthat I T and some < u”(as), or by (1}, 0) (if x* = 0).
Hencex! < ul(a3). FromTable 1we conclude that$s, u53(a§)) is a strong objection at
Leta € A. If

IS3N{i € N | aiR'a}| < 2,

thena € {az, a3, az}. Thus, if (P, y) is a weak counter objection t84, uSS(ag)), then2e P
andy? < u?(as). Asx € MB(N, V)is assumed, there exists a weak counter objecton)(
to the foregoing strong objection. We conclude thétc y? < u?(ap). Thus,x < u™ (b)
and the desired contradiction has been obtained(&4¥.
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The following three cases may be treated similarl{3®}.
x < uN(oc) for someax € {ao, as, as}. (3.6)

Indeed, ifi € {2, 3, 4} andx < u"(a;), thenTable 3shows that

(Si—1, u¥*(a;—1))

is a strong objection at. A careful inspection of the tables allows to specify one further
strong objection, namely;(2,u5-2(a} _,)) if i # 2 and §4,u’*(a})) if i = 2, and again the
existence of a weak counter objections implies that u™ (b).

The next case is the following case

x < uMN(a}). (3.7)

As (S4, u54(as)) is a strong objection at (seeTable 3, a careful inspection ofable 1
shows that we may proceed ag#15).
The following three cases may be treated similarl{3a@):.

x < u®(a)for somex € {a}, a3, af). (3.8)
Now we shall consider the 9th possibility:
x < u(b). (3.9)

In this caseTable 3shows that §1, «5(c)) is a strong objection at. If (P, y) is a weak
counter objection to the foregoing strong objection, then an inspectidatié 1shows
that (P, y) satisfies at least one of the following properties:

y <u®(c) and 4¢ P;

y <u®(a1) andP = Sy;
y <uf(a}) and P = S;
y < u®(as) andP = S4.

Thereforex* < u*(as). We conclude that$y, uS4(aj;)) is a strong objection at Then
e A||S4n{i e N |dRa}| <2} = {as, a4, a}).

Hencex! < ul(a3). Thus, §3, u53(a§)) is a strong objection at The observation that
{aeA||S3N{ieN|asRa}| <2} ={az, a3, d}},

shows that? < u?(az) and, thus, §>, uSZ(ag)) is a strong objection at We compute
{@eA||S2N{i e N|asRa}| <2} = {ay, az, d}).

Thus, if (P, y) is a weak counter objection t&4, u%2(a3)), then 3¢ P andy® < u3(a1).
We conclude that® < u3(a;). Therefore, againy <« u" (b).
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Finally, we have to consider the following case
x < u (). (3.10)

Then (4, uS4(as)) is a strong objection at (seeTable 3. If (P, y) is a weak counter
objection to §4, u54(as)), then (1)P = Sz andy < uf(az) or (2) 1€ P andy < u”(as).
Hencex! < u'(a3) and (53, u53(a§)) is a strong objection at We may now continue as in
(3.9)and deduce that < u™ (b).

By (3.3), the domain defined b§8.5)—(3.10)is equal to V(N). Hence, we have derived
a contradiction to the required weak Pareto optimality in all possible 10 cadés.

4. Non-levelled games

Let N be a finite nonempty set and denote
't = (V' | (N, V)is a zero-normalized weakly superadditive NTU game

(for the definition of v see Sectio®). Let Vi, V" e I't. Thedistance betweenV;" and
V) is

S(Vi V) = max ds(Vi (). V7 (S)),

whereds(-, -) is the Hausdorff distance between nonempty compact subsits of
Lemma 4.1. MB* is an upper hemicontinuous correspondence on T'T.

Proof. Itis sufficientto prove thaMB* has a closed graph. Thuslet, V;t e Itk e N,
such that lim—_., 8(VT, V;") = 0, and letyy € MB*(V;"), k € N, such that lim_, c xx =

x. It remains to show that € MB*(V ™). Note thatr is a weakly Pareto optimal element of
VT(N). Assume, on the contrary, thagz MB*(V ). Then there exists a strongly justified
strong objection @, y) atx. Thus,y is a Pareto optimal element & (P) and for every
S C N such thatS # @, P and any; € V*(S),

.y, 2, V) = min{ min (Z' — "), min (' — x* 0.
fs(x, y,z, V™) {iemp(z ¥) ieS\P(Z X} <

The mappinggs defined bygs(x, y, V1) = maxcy+sy fs(x, y, z, Vv*) is a continuous
function ofx, y, andV*. Choose, fok € N, a Pareto optimal membey, of V,:“ such that
lim;_  yx = y. By continuity of g5 there exists a sufficiently large € N such that for
everyk > ko, gs(xk, vk, Vi) < OforallS € N, S # @, P, andy; > xi foralli € P. Thus,

(P, y) is a strongly justified strong objection at for k > ko. As x; € MB*(V;"), the

desired contradiction has been obtained.]
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Let VT e I't, lete > 0, let K = maxg.scy MaX.cy+(s) MaXes x'. For everyd # S €
N definen§ : RS — R by
€
2+ ies ¥+ KIN\ S|
Using the foregoing equation define
V() = (h§(x)x | x € VE(S)). (4.2)

We shall say thaV T is p-non-levelled if, for each coalitior§, any weakly Pareto optimal
elementx > 0 with respect toV*(S) is Pareto optimal. Hence a non-levelled game is
p-non-levelled (se€.1)).

W =1+ (4.1)

Lemma 4.2. Let V' € I'" be superadditive and let € > 0. Then V[ is a superadditive
p-non-levelled game such that S(V;", V') < e.

Proof. LetS C N, S # ¢. By Wooders (1983, Theorem 4)
ds(V¥(S), VI(S)) < e,

VI (S) is restricted comprehensive, ait is p-non-levelled. In order to show that"
is superadditive, le§, T € N, S, T # ¢, andS N T = @. If x. € VF(S) andy. € VI (T),
then letx € V*(S) andy € V*(T) be defined by:i§(x)x = x. andh$.(y)y = ye. By super-
additivity of V*, (x, y) € V(S U T). Moreover,

hSur(x, y) = max(h(x), k7 ()}

Thus, (e, ye) < h§,r(x, y)(x, y). By restricted comprehensivenes¥,"” is super-
additive. O

We are now ready to prove the main result of this paper.

Theorem 4.3. There exists a superadditive and non-levelled four-person game U™ such

that MBU™T) = 0.

Proof. LetV be the game of the example defined in SeclofAs M B* is upper hemicon-
tinuous and\B*(V+) = @, there existg > 0 such thamB*(WT) = g foranyW* e I't
suchthas(V", Wt) < e.ByLemma4.2V;" € I'" is a superadditive p-non-levelled game
ands(V*t, Vr) < e. By (3.1), V" is non-levelledRemark 2.6completes the proof. [

References

Holzman, R., 2000. The comparability of the classical and the Mas-Colell bargaining set. International Journal of
Game Theory 29, 543-553.

Mas-Colell, A., 1989. An equivalence theorem for a bargaining set. Journal of Mathematical Economics 18,
129-139.

Vohra, R., 1991. An existence theorem for a bargaining set. Journal of Mathematical Economics 20, 19-34.

Wooders, M., 1983. The epsilon core of a large replica game. Journal of Mathematical Economics 11, 277-300.



	On the non-emptiness of the Mas-Colell bargaining set*
	Introduction
	Preliminaries
	The example
	Non-levelled games
	References


